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ABSTRACT

Isoperimetric and hypercontractive inequalities are two fundamental tools in analysis.
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Chapter 1

Introduction

Sobolev-type inequalities are among the central tools of modern analysis, with far-reaching
applications in areas such as partial differential equations, the calculus of variations, and
harmonic analysis. Broadly speaking, these inequalities show how upper bounds on suitable
norms of a function’s derivatives yield bounds on the function itself. Since derivatives quan-
tify the local variation of a function, the validity of Sobolev-type inequalities typically relies
on a “local-to-global” property of the underlying space — namely, that local control can
be efficiently propagated to global control. For instance, the classical Sobolev inequalities
exploit precisely such a local-to-global property of the Euclidean space Rn.

In discrete mathematics and theoretical computer science, one often seeks discrete spaces
that exhibit strong local-to-global properties. For instance, the ability to propagate norm
bounds for functions on a space is closely tied to the propagation of probability distributions
by random walks on that space. As a consequence, establishing Sobolev-type inequalities on
discrete spaces has become a powerful tool for analyzing the mixing times of discrete random
walks (see, e.g., [24, 26]). Such mixing-time bounds, in turn, often yield efficient sampling
algorithms (see, e.g., [1, 18]). Local-to-global properties also play a central role in other
algorithmic areas such as property testing (see, e.g., [13, 14]), and in computational com-
plexity, where combinatorial structures with strong local-to-global behavior are frequently
used both in reductions and in unconditional lower bounds (see, e.g., [17]). Given these
broad applications, Sobolev-type inequalities have been increasingly studied and applied in
discrete settings.

In this thesis, we provide an exposition of two new discrete Sobolev-type inequalities
proved in [7, 8], along with their applications.

1.1 Expansion of Monotone Sets (Chapter 2)

The first result discussed in this thesis concerns the mixing time of discrete random walks.
For a random walk on a discrete space, the mixing time is the number of steps after which
the distribution of the particle’s location — starting from any initial state — becomes close
to the stationary distribution (typically uniform over all states). A classical example is the
simple random walk on the hypercube {0, 1}n, where at each step the particle moves to a
uniformly chosen neighbor differing in exactly one coordinate. By the well-known “coupon
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collector” argument from elementary probability, the mixing time of this walk is Θ(n log n).
A natural question is what happens when some states of the hypercube {0, 1}n are marked

as “forbidden,” so that any attempted move into a forbidden state leaves the particle at its
current position. If A ⊆ {0, 1}n denotes the set of allowed states, one might hope that after
only a small number of steps this “censored” random walk would become nearly uniform over
A.

Unfortunately, this need not hold even when only an o(1) fraction of states is forbidden.
For example, if all states x ∈ {0, 1}n with Hamming weight ⌊n/2⌋ are forbidden — just an
O(n−1/2) fraction of all states — then a walk starting from 1n can never reach 0n. Even
when the subgraph induced by A is connected, the mixing time can be extremely slow: if
all but one of the states of Hamming weight ⌊n/2⌋ are forbidden, then a walk starting from
1n is very unlikely to reach any state of Hamming weight less than ⌊n/2⌋ without taking an
exponential number of steps.

In the seminal work of [5], it is shown that if A is a monotone set,1 then the mixing time
of the random walk censored to A has a good mixing time, as long as A contains a constant
fraction of states in the hypercube.

Theorem 1.1 ([5]). Suppose A ⊆ {0, 1}n is a monotone set with density µ(A) = |A|/2n.
Then the mixing time of the random walk censored to A is at most O(n3/µ(A)2).

Since a monotone subset of the hypercube no longer inherits a product-space structure,
the naïve coupon-collector argument breaks down. As mentioned at the start of this chapter,
a standard approach to proving mixing-time bounds for random walks is to establish a
Sobolev-type inequality, which formalizes the notion of “good expansion” of the underlying
space. Indeed, the main technical step in the proof of Theorem 1.1 of [5] is precisely the
derivation of such an inequality for {0, 1}-valued functions on the monotone set A. This
inequality, in turn, is obtained via a “directed isoperimetric inequality” originating in the
property-testing literature [14] (recall from the start of this chapter that the fields of Markov-
chain analysis and property testing share an interest in Sobolev-type inequalities).

Using a completely different technique, [4] improves the mixing time bound of Theo-
rem 1.1 to O(n3/µ(A)), eliminating a 1/µ(A) factor. However, as conjectured in [5], one
expects that the censored random walk on constant-density (or at least (1 − o(1))-density)
monotone subsets should mix in time O(n log n), matching the uncensored walk on the full
hypercube {0, 1}n.

Conjecture 1.2 ([5]). Fix a constant ε > 0, and let A ⊆ {0, 1}n be a monotone set of density
µ(A) ⩾ ε. Then the mixing time of the random walk censored to A is at most Oε(n log n).

In [7], we make progress toward this conjecture by establishing the following:

Theorem 1.3 ([7]). Suppose A ⊆ {0, 1}n is a monotone set with density µ(A). Then the
mixing time of the random walk censored to A is at most O(n2/µ(A)).

Our approach is conceptually closer to the original work of [5] than to the improved bound
of [4]. Specifically, we establish a new directed L2-Poincaré inequality on the hypercube,

1A set A is called monotone if x ∈ A implies y ∈ A whenever x ⪯ y, where the latter denotes the natural
partial order on the hypercube: x ⪯ y if xi ⩽ yi for every i ∈ [n].
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drawing again on ideas from the property testing literature [9]. To apply this new directed
Poincaré inequality, we introduce a novel “approximate FKG inequality,” which generalizes
the classical FKG inequality on the hypercube [11].

Our work [7] also yields an optimal bound on the spectral expansion of general monotone
sets A ⊆ {0, 1}n, improving upon the bounds of [4, 5] by a factor of n. Formally, we establish
the following inequality for functions on A.

Theorem 1.4 ([7]). Let A ⊆ {0, 1}n be a non-empty monotone set. For all f : A → R, we
have

VarA [f ] ⩽
1

1−
√

1− µ(A)
· EA(f).

Here VarA [f ] denotes the variance of f(x) where x is a uniformly random element of A.

Here, VarA [f ] represents the norm of f itself, while EA(f) (formally defined in Defi-
nition 2.1) can be viewed as the norm of a “derivative” of f . Theorem 1.4 is therefore a
Poincaré-type inequality. In fact, the special case µ(A) = 1 of Theorem 1.4 recovers exactly
the classical Poincaré inequality on the hypercube (see [25, Section 2.3]).

1.2 Lower Bound for Streaming Max-Cut (Chapter 3)

One of the principal ways Sobolev-type inequalities are applied in discrete settings is through
their extension to log-Sobolev inequalities. In many applications there is an underlying semi-
group of operators (for example, a random walk defines a Markov semigroup), and log-
Sobolev inequalities with respect to the generator of the semigroup are typically equivalent
to a hypercontractivity property: the semigroup “mixes” so rapidly that any function it acts
on converges quickly to a constant. Concretely, for an operator T in the semigroup, one can
often show that the Lq-norm of Tf is bounded above by the Lp-norm of f , for some q > p.

Such results have proved extremely useful in discrete mathematics. For instance, suppose
A is a small subset of a large discrete space Ω, and one wishes to show that an operator T
(e.g. a random-walk operator) mixes especially quickly when acting on the indicator function
1A : Ω → {0, 1}. This fits naturally into the framework of hypercontractivity: mixing
is usually measured in the L2-norm, but the smallness of A means that among functions
with the same L2-norm, 1A has a particularly small L1-norm. Therefore, a hypercontractive
inequality controlling the L2-norm of Tf by the L1-norm of f does exactly what is needed.
More generally, whenever discrete conditions such as “smallness” correspond to different
norms, hypercontractivity becomes especially powerful.

Interestingly, hypercontractivity has also found applications in the area of communication
complexity. In a communication game, several players are each given separate inputs and
wish to compute a function depending jointly on all of their inputs while communicating as
little as possible. From the lower-bound perspective, the goal is to show that with only a
small total communication budget, the players cannot achieve a certain task regardless of
the protocol used.

It turns out that the analysis of such communication protocols can sometimes be carried
out in an L1 space of functions over a discrete domain. A short message sent by a player
corresponds to a function f in this L1-space with a particularly small L2-norm; when other
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players extract useful information from the message, an “extractor” operator T acts on this
function. To show that they obtain only limited information toward their goal, one needs to
bound the Lq-norm of Tf for some q > 2. Voilà, hypercontractivity comes in handy again.

A specific problem where this type of analysis has been particularly successful is Max-Cut,
which is the focus of the second main result of this thesis. In the associated communication
game, the edge set of a graph G is partitioned into several subsets, and each player receives
one subset as input. Their collective goal is to approximately compute the Max-Cut value
of the graph.

When communication proceeds in a strictly one-way fashion — meaning there is a fixed
order of players and each may speak only once in this order — the model closely corresponds
to the single-pass streaming model (whose formal definition appears in Chapter 3). Leverag-
ing hypercontractivity and the connection between one-way communication and single-pass
streaming, the seminal work [19] established the following result:

Theorem 1.5 ([19]). For any fixed ε > 0, any single-pass streaming algorithm that achieves
a (1/2 + ε)-approximation of the Max-Cut value of a graph on n vertices requires space
Ωε(

√
n).

Achieving a 1/2-approximation, on the other hand, is trivial for single-pass streaming
algorithms using only O(log n) space, so Theorem 1.5 is optimal with respect to the approx-
imation ratio. The space lower bound of Ωε(

√
n) was subsequently strengthened by [20] to

Ωε(n).
In the same communication setting — where each player receives a subset of the edge set

— if players are allowed to communicate in arbitrary order and multiple times, communica-
tion lower bounds for such games can be translated into multi-pass streaming lower bounds.
Exploiting this fact, but using a technique very different from [19, 20], the works [2, 3] showed
that achieving a (1 − ε)-approximation requires space n1−O(pε) for p-pass streaming algo-
rithms. This still left open the possibility of obtaining a nontrivial (> 1/2)-approximation
using space-efficient multi-pass algorithms. In [8], we answer this question in the negative
by proving the following:

Theorem 1.6 ([8]). For any fixed ε > 0, any p-pass streaming algorithm that achieves
a (1/2 + ε)-approximation of the Max-Cut value of a graph on n vertices requires space
Ωε

(
n1/3/p

)
.

Our approach is much closer in spirit to the original work of [19] than to the methods
of [2, 3]. In particular, we also employ hypercontractive inequalities, albeit in a different
way from [19]. We establish a hypercontractive inequality that applies not to all functions
on a space but to a special class of “global” functions. Such inequalities, known as global
hypercontractivity, were first developed by [23].

1.3 Organization

In Chapter 2, we will provide an exposition of Theorems 1.3 and 1.4 from [7], while Theo-
rem 1.6 (from [8]) is covered in Chapter 3. In Chapter 4, We conclude the thesis and states
some open problems.
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Chapter 2

Mixing on Monotone Sets

In this chapter, we provide an exposition of the proofs of Theorems 1.3 and 1.4 from [7].
Recall from Section 1.1 that we have a nonempty monotone set A ⊆ {0, 1}n, and our goal
is to show that A has a good “expansion” property. We first formally define the energy
functional EA(·) appearing in the statement of Theorem 1.4.

Definition 2.1. Fix a monotone set A ⊆ {0, 1}n. For all f : A→ R, we define

EA(f) :=
1

4
· E
x∈A

[
n∑

i=1

(
f(x)− f(x⊕i)

)2 · 1{x⊕i ∈ A
}]

.

Here x⊕i denotes the binary string obtained by flipping the i-th bit of x.

Note that in the case A = {0, 1}n, the preceding definition is exactly the “total influence”
[25, Definition 2.27] of the function f : {0, 1}n → R.

2.1 Markov Chain Preliminaries

In this section, we review some basic concepts of Markov chains. In particular, we present
the (now standard) spectral argument in Markov chain theory, which reduces Theorem 1.3
to Theorem 1.4.

A Markov chain is a stochastic process that, at each step, depends only on its current
state and not on the path taken to reach it. The specific Markov chain of interest here is
the following process, which is also known as the Glauber dynamics on the set A.

Definition 2.2 (Censored random walk, [5]). Given A ⊆ {0, 1}n, the random walk on {0, 1}n
censored to A is defined as follows. On state x ∈ A, sample i ∈ [n] uniformly at random and
let y be the vertex obtained by flipping the i-th bit of x. Then

1. If y ∈ A, flip a coin and either stay at x or move to y (each with probability 1/2).

2. If y ̸∈ A, stay at x (in which case we call this a censored step).

A standard way to mathematically characterize Markov chains is through a matrix of
transition probabilities, called a Markov kernel.

Definition 2.3. We let PA : A × A → [0,∞) be a matrix where for each pair of states
x, y ∈ A, the entry PA(x, y) is the probability of moving to state y in one step from state x.

11



2.1.1 The Spectral Viewpoint

We use L2(A) to denote the vector space of all real valued functions f : A → R, equipped
with the inner product

⟨f, g⟩ := E
x∈A

[f(x)g(x)] .

The Markov kernel PA can also be viewed as a linear operator acting on the space L2(A).

Definition 2.4. For any function f ∈ L2(A), we define the image function PA[f ] ∈ L2(A)
by

PA[f ](x) :=
∑
y∈A

PA(x, y)f(y).

Note that we denote this pull-back operator by the italic bold symbol PA[·], distinguishing
it from the matrix expression PA(·, ·) to reflect that, while formally distinct, the two represent
the same underlying Markov transition on the state space A.

The advantage of adopting the operator viewpoint is that we can now perform spectral
analysis on PA. The following statement is standard and holds for all “lazy” Markov chains,
which in particular includes our Definition 2.2.

Proposition 2.5. The operator PA is self-adjoint with respect to the inner product on
L2(A), and its eigenvalues lie in the range [0, 1].

Proof. The self-adjointness follows from the fact that PA(·, ·) is a symmetric matrix. Suppose
f ∈ L2(A) is an eigenvector of PA with eigenvalue λ. Take an element x ∈ A such that |f(x)|
attains its maximum value, and without loss of generality assume f(x) ⩾ 0. Then it is easy
to see that

PA[f ](x) =
∑
y∈A

PA(x, y)f(y) ⩽ f(x)
∑
y∈A

PA(x, y) ⩽ f(x).

Since PA(x, x) ⩾ 1/2 (this property is referred to as laziness of the chain), we also have

PA[f ](x) = PA(x, x)f(x)+
∑

y∈A\{x}

PA(x, y)f(y) ⩾ f(x) ·

PA(x, x)−
∑

y∈A\{x}

PA(x, y)

 ⩾ 0.

Therefore, due to the assumption PA[f ](x) = λ · f(x), it follows that 0 ⩽ λ ⩽ 1.

The energy functional defined in Definition 2.1 is related to the Markov operator PA by
the following.

Proposition 2.6. For any f ∈ L2(A), we have ⟨f, f − PA[f ]⟩ = 1
n
· EA(f).

Proof. By Definition 2.2, we have

⟨f, f − PA[f ]⟩ = E
x∈A

[
f(x)

(
1

2
· E
i∈[n]

[(
f(x)− f(x⊕i)

)
· 1
{
x⊕i ∈ A

}])]
=

1

4
· E
x∈A
i∈[n]

[
f(x)

(
f(x)− f(x⊕i)

)
· 1
{
x⊕i ∈ A

}]
+
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1

4
· E
x∈A
i∈[n]

[
f(x⊕i)

(
f(x⊕i)− f(x)

)
· 1
{
x⊕i ∈ A

}]
=

1

4
· E
x∈A
i∈[n]

[(
f(x)− f(x⊕i)

)2 · 1{x⊕i ∈ A
}]

=
1

n
· EA(f).

In the second transition above, we used a switch of variables between x and x⊕i, the legiti-
macy of which relies on the fact that the uniform distribution on A is stationary under the
Markov chain PA.

2.1.2 Mixing Time

In this subsection, we introduce the concept of mixing time and explain how to deduce
Theorem 1.3 from Theorem 1.4 using the perspective of Section 2.1.1. For convenience, we
define an additional operator on L2(A), which we call the averaging operator.

Definition 2.7. The averaging operator EA : L
2(A) → L2(A) is defined as follows. For any

function f ∈ L2(A) and any x ∈ A, we let EA[f ](x) = E
y∈A

[f(y)].

Note that EA ◦ PA = EA = EA ◦ PA, which implies the following.

Proposition 2.8. For any integer k ⩾ 1, we have (PA −EA)
k = P k

A −EA.

We now define the mixing time of our Markov chain.

Definition 2.9. The mixing time of the Markov chain PA is the smallest integer t ⩾ 0 such
that, for every state x ∈ A and every subset S ⊆ A, the probability that a walk started at
x is in S after t steps lies in the interval[

|S|
|A|

− 1

4
,
|S|
|A|

+
1

4

]
.

Equivalently, it is the smallest t ⩾ 0 such that∥∥P t
A[1S]−EA[1S]

∥∥
∞ ⩽

1

4
for all S ⊆ A,

where 1S : A→ {0, 1} denotes the indicator function of S.

We are now ready to show that Theorem 1.4 implies Theorem 1.3.

Proof of Theorem 1.3 assuming Theorem 1.4. The operator EA is precisely the kernel of the
Markov chain on A that, from any state x ∈ A, transitions to a uniformly random state
y ∈ A. In particular, Proposition 2.5 applies to EA. It is easy to see that EA has only
two eigenvalues, 0 and 1, with constant functions being the sole eigenvectors of eigenvalue
1. Since constant functions are also eigenvectors of PA with eigenvalue 1, it follows that
PA −EA is positive semidefinite. Moreover, for any f ∈ L2(A),

⟨f, (PA −EA)[f ]⟩ = ⟨f, f⟩ − 1

n
· EA[f ]− ⟨f,EAf⟩ = VarA [f ]− 1

n
· EA[f ].

13



Applying Theorem 1.4 yields

⟨f, (PA −EA)[f ]⟩ ⩽

(
1−

1−
√

1− µ(A)

n

)
· VarA [f ] ⩽

(
1−

1−
√
1− µ(A)

n

)
· ∥f∥22 .

Thus every eigenvalue of the self-adjoint operator PA −EA is at most

λ∗ := 1−
1−

√
1− µ(A)

n
.

For some t = O(n2/µ(A)) we have (λ∗)t ⩽ 2−n/2−2. Hence, for this t and any f ∈ L2(A),

∥PA[f ]−EA[f ]∥∞ ⩽
√

|A| · ∥PA[f ]−EA[f ]∥2 ⩽
√

|A| · (λ∗)t ∥f∥2 ⩽
1

4
∥f∥2.

In particular, for every indicator function 1S : A→ {0, 1},∥∥P t
A[1S]−EA[1S]

∥∥
∞ ⩽

1

4
.

Therefore the mixing time of the Markov chain PA is at most t = O
(
n2/µ(A)

)
.

2.2 Ideas from Prior Work

In this section, we discuss the main high-level ideas that led to the conception of our proof
of Theorem 1.4. Along the way, we provide an overview of several prior works from which
our ideas are drawn.

2.2.1 Boolean Isoperimetric Inequalities

The classical Poincaré inequality for the hypercube (see [25, Section 2.3]) states that, for
any function f : {0, 1}n → R, we have

VarA [f ] ⩽ EA(f), for A = {0, 1}n. (2.1)

When A = {0, 1}n, we will omit the subscript A in the functionals VarA [·] and EA(·).
If we specialize to the case where f is {0, 1}-valued, the Poincaré inequality (2.1) can be

interpreted as an “isoperimetric inequality” as follows. Suppose f is the indicator function of
a subset S ⊆ {0, 1}n. We let E

(
S, {0, 1}n\S

)
denote the set of edges {x, y} of the hypercube

graph with x ∈ S and y ∈ {0, 1}n \ S. It is easy to see that

Var [1S] = 2−2n · |S| · |{0, 1}n \ S| and E(1S) = 2−n−1 ·
∣∣E(S, {0, 1}n \ S)∣∣ .

Therefore, (2.1) implies that∣∣E(S, {0, 1}n \ S)∣∣ ⩾ |S| · |{0, 1}n \ S|
2n−1

⩾ min
{
|S|, |{0, 1}n \ S|

}
. (2.2)

The inequality (2.2) asserts that, whenever S contains at most half of the vertices of the
hypercube, the number of edges leaving S (i.e., connecting a vertex in S to one outside S)
is bounded below by |S|. This type of statement is reminiscent of the classical isoperimetric
inequality in Euclidean space, which lower bounds the surface area of a compact set in terms
of its volume. Accordingly, (2.2) may be regarded as a “Boolean isoperimetric inequality.”
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2.2.2 A Directed Analogue

Continuing from Section 2.2.1, consider a set S ⊆ {0, 1}n. Define

E−(S, {0, 1}n \ S) ⊆ E
(
S, {0, 1}n \ S

)
to be the set of edges {x, y} of the hypercube graph with x ∈ S, y ∈ {0, 1}n \ S, and
x ⪯ y. In other words, E−(S, {0, 1}n \ S) consists of the edges going “upward” from S to its
complement — what we may call the upward boundary edges of S.

Analogously to (2.2), the size of this upward boundary can also be bounded below, though
now not by the volume of S but by its “distance” from being monotone, as formalized by the
following result of [14].

Theorem 2.10 ([14]). For any subset S ⊆ {0, 1}n,∣∣E−(S, {0, 1}n \ S)∣∣ ⩾ distmono(S), (2.3)

where distmono(S) denotes the smallest symmetric difference between S and any monotone
set A ⊆ {0, 1}n.

Observe that the right-hand side of (2.2), min
{
|S|, |{0, 1}n\S|

}
, is precisely the smallest

symmetric difference between S and any “trivial” set — if we view the collection of trivial
sets as consisting of the empty set and the whole hypercube {0, 1}n. Thus Theorem 2.10
indeed provides a directed analogue of the Boolean isoperimetric inequality (2.2).

Remark 2.11. The main motivation behind the directed isoperimetric inequality of [14]
comes from the algorithmic task of monotonicity testing. A monotonicity tester has query
access to a Boolean function f : {0, 1}n → {0, 1}, and its goal is to accept all monotone
functions1 and reject all functions f that are far from monotone; that is, for some fixed
ε > 0,

distmono
1 (f) := min

{
∥f − g∥1

∣∣∣ g : {0, 1}n → {0, 1} is monotone
}
⩾ ε.

The directed isoperimetric inequality (2.3) implies that any such function f must have many
violating edges, i.e., edges {x, y} of the hypercube graph with x ⪯ y but f(x) > f(y). The
abundance of violating edges enables a tester to reject these functions simply by sampling
random edges and checking for such violations of monotonicity.

2.2.3 From Directed to Undirected Isoperimetry: the Boolean Case

It is not hard to see that Theorem 2.10, the directed isoperimetric inequality, implies the
undirected version (2.2), up to a constant factor. Indeed, for any given subset S ⊆ {0, 1}n, we
may let A ⊆ {0, 1}n be the monotone set that minimizes the size of the symmetric difference
|S \A|+ |A \ S|. Similarly, let B ⊆ {0, 1}n be the monotone set closest to Sc := {0, 1}n \ S
in terms of the symmetric difference. Then we have

|E(S, Sc)| = |E−(S, Sc)|+ |E−(Sc, S)| ⩾ distmono(S) + distmono(Sc)

1A function f : {0, 1}n → R is said to be monotone if f(x) ⩽ f(y) for all x, y ∈ {0, 1}n such that x ⪯ y.
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= |S \ A|+ |A \ S|+ |Sc \B|+ |B \ Sc|. (2.4)

Using the classical FKG inequality [11] for the hypercube, we have

|A∩B| = |A| · |B|
2n

⩾
(|S| − |S \ A|)(|Sc| − |Sc \B|)

2n
⩾

1

2
min

{
|S|, |Sc|

}
− |S \A| − |Sc \B|.

(2.5)
Finally, it is clear that

|A ∩B| ⩽ |S ∩ Sc|+ |A \ S|+ |B \ Sc|. (2.6)

Combining (2.4), (2.5) and (2.6) yields the undirected isoperimetric inequality

|E(S, Sc)| ⩾ 1

2
min

{
|S|, |Sc|

}
.

To the best of the author’s knowledge, the above argument was independently observed
in [5] and [22, Section 9.2], each in a different generalized form. Khot, Minzer, and Safra [22]
extended the argument to a broader class of (directed and undirected) Boolean isoperimetric
inequalities, with a particular focus on the applications of the directed versions to mono-
tonicity testing. Ding and Mossel [5], on the other hand, generalized the argument in terms
of the ambient space: they showed that even when the ambient space {0, 1}n is replaced by
a large monotone subset of {0, 1}n, the implication from directed to undirected isoperimetry
continues to hold. This observation enabled Ding and Mossel to prove the following theorem:

Theorem 2.12. Suppose A ⊆ {0, 1}n is a monotone set with density µ(A) = |A|/2n. Then
for any subset S ⊆ A, we have

|E(S,A \ S)| ⩾ µ(A)

16
min

{
|S|, |A \ S|

}
.

Indeed, Theorem 2.12 is the main ingredient in the proof of Theorem 1.1 by [5]: the latter
theorem follows by combining Theorem 2.12 with standard arguments in Markov chain theory
(namely, the spectral viewpoint covered in Section 2.1 and Cheeger’s inequality).

We note that although there are several possible approaches to proving (2.2), the route via
the directed analogue (Theorem 2.10) has the distinctive advantage of remaining naturally
robust under restrictions of the ambient space to monotone subsets. This robustness is
precisely why the idea discussed in this subsection plays a central role in establishing mixing-
time bounds for censored random walks, both in [5] and in our work [7], as will be elaborated
in the next section.

The following is a conceptual diagram of the interrelation between undirected and directed
isoperimetry, and their respective main applications.

undirected isoperimetry mixing time

directed isoperimetry monotonicity testing

FKG
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2.3 From Directed to Undirected Poincaré Inequalities

Recall from Section 2.2.1 that the Boolean isoperimetric inequality (2.2) is a special case of
the L2-Poincaré inequality (2.1). In a sense, the Poincaré inequality (2.1) can be interpreted
as an isoperimetric inequality for functions on the hypercube, rather than for subsets of it. As
discussed in Section 2.2.3, for many forms of isoperimetric inequalities, a directed version can
imply its undirected counterpart via an FKG-type argument, as shown in [22, Section 9.2].
This naturally raises the question of whether there exists a directed analogue of the Poincaré
inequality (2.1) that implies the undirected version. Such a result could potentially allow
one to extend the inequality from the entire hypercube {0, 1}n to large monotone subsets, as
in [5], thereby establishing the desired Poincaré inequality (Theorem 1.4) for these restricted
domains.

A key conceptual contribution of our work [7] is that this is indeed the case: the argument
of [5] used to prove Theorem 2.12 can be adapted to the L2 setting to establish Theorem 1.4.
Most of the components discussed in Section 2.2.3 admit natural analogues in the L2 setting,
as summarized in Table 2.1.

The discrete setting The L2 setting
subset S ⊆ A function f : A→ R

the complement set A \ S the function −f
|E(S,A \ S)| EA(f)

min{|S|, |A \ S|} VarA [f ]
directed isoperimetric inequality [14] directed L2-Poincaré inequality (Theorem 2.15)

classical FKG inequality [11] approximate FKG inequality (Theorem 2.17)

Table 2.1: The analogies between the discrete and L2 settings

To find an L2-analogue for the directed isoperimetric inequality Theorem 2.10, the first
step is to define, for any f : {0, 1}n → R, its L2-distance to monotonicity and its “upward
boundary edges.”

Definition 2.13 (Distance to monotonicity). For a function f : {0, 1}n → R, we define

distmono
2 (f) := inf

g∈mono

√
E

x∈{0,1}n

[(
f(x)− g(x)

)2]
,

where g ranges over all monotone increasing functions from {0, 1}n to R.

Definition 2.14 (Upward boundary). For all f : {0, 1}n → R, we define

E−(f) :=
1

4
· E
x∈{0,1}n

[
n∑

i=1

min
{
0, f(xi→1)− f(xi→0)

}2]
.

Here for x ∈ {0, 1}n and b ∈ {0, 1}, xi→b stands for the string (x1, . . . , xi−1, b, xi+1, . . . , xn).

We are now ready to state our directed L2-Poincaré inequality.
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Theorem 2.15 (Directed Poincaré inequality). For all functions f : {0, 1}n → R, we have

distmono
2 (f)2 ⩽ E−(f).

In contrast to the directed isoperimetric inequality, the other key ingredient listed in
Table 2.1 — the FKG inequality — was originally proved by [11] already in the L2 setting.
However, for technical reasons, we cannot directly apply the classical FKG inequality as [5]
did. The result of [11] states that if f, g : {0, 1}n → R are monotone increasing functions and
x is a uniformly random element of {0, 1}n, then f(x) and g(x) are nonnegatively correlated.
In our proof, however, we crucially need a lower bound on the correlation ratio of any
two increasing functions defined only on the subset A ⊆ {0, 1}n, rather than on the entire
hypercube.

Unfortunately, the nonnegative correlation in the classical FKG inequality does not nec-
essarily hold for the restricted domain A. We therefore seek an approximate version of the
FKG inequality, one that guarantees the correlation ratio is bounded away from −1, even if
not necessarily nonnegative.

Definition 2.16 (Approximate FKG ratio). Fix a monotone set A ⊆ {0, 1}n with at least
2 elements. We define the approximate FKG ratio of the poset A to be

δ(A) := min

{
0, inf

f,g∈monoA\constA

CovA [f, g]√
VarA [f ] · VarA [g]

}
,

where f and g range over all non-constant monotone increasing functions from A to R. Here,
CovA [f, g] stands for the covariance of the random variable pair (f(x), g(x)) where x is a
uniformly random element of A.

Theorem 2.17 (Approximate FKG inequality). For any monotone set A ⊆ {0, 1}n with at
least 2 elements, we have δ(A) ⩾ −

√
1− µ(A).

In the rest of this section, we develop a proof of Theorem 1.4 assuming Theorems 2.15
and 2.17, by adapting the argument of [5]. The proofs of Theorem 2.15 and Theorem 2.17
will be discussed in Sections 2.4 and 2.5, respectively. In fact, the goal of this section is to
prove the following more general result assuming Theorem 2.15.

Theorem 2.18. Let A ⊆ {0, 1}n be a monotone set with at least 2 elements. Then for all
functions f : A→ R, we have

EA(f) ⩾ (1 + δ(A)) · VarA [f ] .

It is clear that Theorems 2.17 and 2.18 together imply Theorem 1.4 (see Figure 2.1).

2.3.1 Domain Extension

Since the target result, Theorem 2.18, focuses solely on the subset A of the hypercube, while
Theorem 2.15 applies only to functions defined on the entire hypercube, we first introduce a
simple method for extending function domains to the whole hypercube.
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(Directed Poincaré)
Theorem 2.15

Theorem 2.18

(Approximate FKG)
Theorem 2.17

Theorem 1.4

Figure 2.1: The structure of the proof of Theorem 1.4. The step indicated by the red arrow
is the focus of this thesis.

Definition 2.19. We define an operator T that extends any function f : A → R to the
function T [f ] : {0, 1}n → R defined by

T [f ](x) =

{
miny∈A f(y), if x ̸∈ A,

f(x), if x ∈ A.

By defining the value of the function outside of the original domain A to be sufficiently
small, the extension operator enjoys the following two useful properties that allow us to
access the power of Theorem 2.15.

Proposition 2.20. For every function f : A→ R we have

µ(A) · EA(f) = E−(T [f ]) + E−(T [−f ]).

Proof. Since T [f ] is constant on {0, 1}n\A, and since T [f ](x) ⩽ T [f ](y) for all x ∈ {0, 1}n\A
and y ∈ A, we know that for x ∈ {0, 1}n and i ∈ [n],

T [f ](xi→1) < T [f ](xi→0) can hold only if x, x⊕i ∈ A.

So we have

E−(T [f ]) =
1

4
· E
x∈{0,1}n

[
n∑

i=1

min
{
0, T [f ](xi→1)− T [f ](xi→0)

}2]

=
1

4
· E
x∈{0,1}n

[
n∑

i=1

min
{
0, T [f ](xi→1)− T [f ](xi→0)

}2 · 1{x, x⊕i ∈ A
}]

=
µ(A)

4
· E
x∈A

[
n∑

i=1

min
{
0, f(xi→1)− f(xi→0)

}2 · 1{x⊕i ∈ A
}]

Applying the above argument to T [−f ] instead of T [f ], we obtain

E−(T [−f ]) = µ(A)

4
· E
x∈A

[
n∑

i=1

min
{
0,−f(xi→1) + f(xi→0)

}2 · 1{x⊕i ∈ A
}]
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=
µ(A)

4
· E
x∈A

[
n∑

i=1

max
{
0, f(xi→1)− f(xi→0)

}2 · 1{x⊕i ∈ A
}]

.

Adding the above two equations together yields

E−(T [f ]) + E−(T [−f ]) = µ(A)

4
· E
x∈A

[
n∑

i=1

(
f(xi→1)− f(xi→0)

)2 · 1{x⊕i ∈ A
}]

= µ(A) · EA(f).

Proposition 2.21. For every function f : A → R, there exists a monotone increasing
function g : A→ R such that

∥f − g∥2 ⩽ µ(A)−1/2 · distmono
2 (T [f ]),

where the L2-norm is the norm in the inner product space L2(A).

Proof. Since the collection of all monotone increasing real-valued functions on {0, 1}n form
a closed set in the Euclidean space R{0,1}n , there exists a monotone increasing function
g̃ : {0, 1}n → R such that ∥T [f ]− g̃∥2 = distmono

2 (T [f ]), where the L2-norm is the norm
in the space L2({0, 1}n). Now note that the restriction g := g̃|A is a monotone increasing
function on A. Therefore,

∥f − g∥22 = E
x∈A

[
(f(x)− g(x))2

]
= E

x∈A

[(
T [f ](x)− g̃(x)

)2]
⩽ µ(A)−1 · E

x∈{0,1}n

[(
T [f ](x)− g̃(x)

)2]
= µ(A)−1 · distmono

2 (T [f ])2.

2.3.2 Correlation Analysis

In this subsection, we lay some groundwork about correlation of functions (or equivalently,
random variables) that will help prove Theorem 2.18. We begin with the following natural
definition of correlation ratios.

Definition 2.22. For non-constant functions g, h : A→ R, we define

ρ(g, h) :=
CovA [g, h]√

VarA [g] · VarA [h]
.

The following triangle-inequality-type lemma is going to be important in the proof of
Theorem 2.18. Conceptually, the lemma says that if functions g and h on A are not very
correlated with each other (that is, ρ(g, h) is bounded away from 1), then f cannot be very
correlated with both g and h at the same time. In particular, we will later use the lemma in
the case where g is a monotone increasing function and h is a monotone decreasing function,
which cannot be very correlated if δ(A) is bounded away from −1.

Proposition 2.23. Consider three non-constant functions f, g, h : A→ R. We have

max{0, ρ(f, g)}2 +max{0, ρ(f, h)}2 ⩽ 1 + max{0, ρ(g, h)}.
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Proof. We may without loss generality assume that VarA [f ] = VarA [g] = VarA [h] = 1. In
this case, CovA [f, g] = ρ(f, g), CovA [f, h] = ρ(f, h) and CovA [g, h] = ρ(g, h).

If ρ(f, g) < 0 then the conclusion trivially holds since max{0, ρ(f, h)}2 ⩽ 1. Similarly if
ρ(f, h) < 0, the conclusion is also trivial. In the following, we assume that ρ(f, g) ⩾ 0 and
ρ(f, h) ⩾ 0.

Consider the matrix

B :=

 1 ρ(f, g) ρ(f, h)
ρ(f, g) 1 ρ(g, h)
ρ(f, h) ρ(g, h) 1

 .
For each vector λ = (λ1, λ2, λ3) ∈ R3, we know λTBλ = VarA [λ1f + λ2g + λ3h] ⩾ 0. So B
is a positive semi-definite matrix. This means detB ⩾ 0, and we can expand it into

1 + 2ρ(f, g)ρ(f, h)ρ(g, h) ⩾ ρ(f, g)2 + ρ(f, h)2 + ρ(g, h)2. (2.7)

If ρ(g, h) < 0, then (2.7) implies 1 ⩾ ρ(f, g)2 + ρ(f, h)2 and we arrive at the conclusion. In
the following we assume ρ(g, h) ⩾ 0.

Expanding the Cauchy-Schwarz inequality VarA [f ] · VarA [g + h] ⩾ CovA [f, g + h]2, we
have

2 + 2ρ(g, h) ⩾ (ρ(f, g) + ρ(f, h))2 ⩾ 4ρ(f, g)ρ(f, h). (2.8)
Multiplying both sides of (2.8) by ρ(g, h)/2 and then adding it to (2.7), we get the desired
conclusion

1 + ρ(g, h) ⩾ ρ(f, g)2 + ρ(f, h)2.

The following definition serves to interpret correlation ratios in terms of L2 distances.

Definition 2.24. For functions f, g : A→ R, we define

τ(f, g) := min
a∈R⩾0,b∈R

∥f − (ag + b)∥2 ,

where the L2-norm is the norm in the inner product space L2(A).

Proposition 2.25. Consider two non-constant functions f, g : A→ R. We have

τ(f, g)2 =
(
1−max{0, ρ(f, g)}2

)
· VarA [f ] .

Proof. Note that

τ(f, g)2 = min
a∈R⩾0,b∈R

∥f − (ag + b)∥22 = min
a∈R⩾0

VarA [f − ag]

= min
a∈R⩾0

(
a2 · VarA [g]− 2a · CovA [f, g] + VarA [f ]

)
. (2.9)

If ρ(f, g) < 0, then CovA [f, g] < 0, and the quadratic polynomial in the right hand side
of (2.9) is minimized at a = 0. Therefore τ(f, g)2 = VarA [f ], as desired.

If ρ(f, g) ⩾ 0, then CovA [f, g] ⩾ 0, and the quadratic polynomial in the right hand side
of (2.9) is minimized at a = CovA [f, g] /VarA [g]. Therefore (2.9) simplifies to

τ(f, g)2 = −CovA [f, g]2

VarA [g]
+ VarA [f ] = (1− ρ(f, g)2) · VarA [f ] ,

as desired.
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2.3.3 Proof of Theorem 2.18

We are now ready to prove Theorem 2.18 assuming Theorem 2.15.

Proof of Theorem 2.18 assuming Theorem 2.15. We have

EA(f) = µ(A)−1 · E−(T [f ]) + µ(A)−1 · E−(T [−f ]) (by Proposition 2.20)
⩾ µ(A)−1 · distmono

2 (T [f ])2 + µ(A)−1 · distmono
2 (T [−f ])2 (by Theorem 2.15)

⩾ ∥f − g0∥22 + ∥−f − h0∥22 (by Proposition 2.21),
(2.10)

for some monotone increasing functions g0, h0 : A → R. If g0 is non-constant, we pick
g : A → R to be g := g0. If g0 is constant, we pick an arbitrary non-constant increasing
function g : A→ R. In either case, we trivially have

∥f − g0∥22 ⩾ min
a∈R⩾0,b∈R

∥f − (ag + b)∥22 = τ(f, g)2.

Similarly we pick a non-constant increasing function h : A → R such that ∥−f − h0∥22 ⩾
τ(−f, h)2. We can then continue from (2.10) and have

EA(f) ⩾ τ(f, g)2 + τ(−f, h)2

=
(
1−max{0, ρ(f, g)}2

)
· VarA [f ] +(

1−max{0, ρ(−f, h)}2
)
· VarA [f ] (by Proposition 2.25)

=
(
2−max{0, ρ(f, g)}2 −max{0, ρ(f,−h)}2

)
· VarA [f ]

⩾
(
1−max{0, ρ(g,−h)}

)
· VarA [f ] (by Proposition 2.23)

=
(
1 + min{0, ρ(g, h)}

)
· VarA [f ] ⩾ (1 + δ(A)) · VarA [f ] (by Definition 2.16).

2.4 The Directed Poincaré Inequality

In this section, we outline the proof of Theorem 2.15. Readers interested in full details are
referred to the paper [7] or the thesis [10] by Ferreira Pinto Jr.

The proof of Theorem 2.15 is based on analyzing the energy functional defined in Defini-
tion 2.14 via a continuous-time dynamical system that we call the directed heat process. The
(undirected) heat process is a classical concept originating from mathematical physics and
has long been known to be deeply connected to Poincaré-type inequalities, dating back to
Poincaré’s original work in the 19th century. In particular, the classical Poincaré inequality
on the hypercube can be interpreted as a lower bound on the convergence rate of the heat
process for functions on the hypercube (see, e.g., [16, Chapter 2]). In [7], an analogous
connection is established between the directed heat process and the directed Poincaré in-
equality. The proof of Theorem 2.15 thus proceeds by analyzing the convergence behavior
of this directed heat process.
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Remark 2.26. The idea of using the directed heat process to prove directed isoperimetric
inequalities originates from Ferreira Pinto Jr.’s work [9]. The work [9] develops a directed
Poincaré inequality for functions over the solid hypercube [0, 1]n, motivated by questions in
monotonicity testing.

2.4.1 Directed Laplacian and Energy Functional

Recall from Definition 2.14 that E−(·) is a real-valued functional defined on the space
L2({0, 1}n). The directed heat process can be naturally interpreted as the gradient descent
dynamics associated with this functional: a “particle” in L2({0, 1}n) evolves by moving in the
direction of the negative gradient of E−(·) at its current position. Note that the functional
E−(·) is minimized exactly at the collection of monotone functions in L2({0, 1}n). Therefore,
the gradient descent dynamics could potentially converge any function f ∈ L2({0, 1}n) to a
limit monotone function, thus providing a candidate monotone function which we may argue
that f is close to, as required in Theorem 2.15.

The following operator plays the role of the (negative) gradient of E−(·).

Definition 2.27. For any function f : {0, 1}n → R, we define the function L−[f ] : {0, 1}n →
R by letting

L−[f ](x) :=
1

2

n∑
i=1

((
f(x⊕i)− f(x)

)+ · 1 {xi = 1} −
(
f(x)− f(x⊕i)

)+ · 1 {xi = 0}
)
.

In this thesis, we use the notation x+ := max{x, 0}, for x ∈ R.

Proposition 2.28. The functional E− : L2({0, 1}n) → R is continuously differentiable and
convex. Furthermore, its gradient operator is −21−nL−[·].

Note that L2({0, 1}n) is a finite-dimensional Euclidean space, so we may use the notion
of gradient from standard multi-variable calculus.

In fact, the directed energy functional E− can be expressed in terms of the directed
Laplacian in the following way.

Proposition 2.29. For any f ∈ L2({0, 1}n), we have E−(f) = −⟨f,L−[f ]⟩.

Remark 2.30. If L− were linear, self-adjoint and negative semi-definite, then Proposi-
tion 2.28 would directly follow from 2.29. Although the directed Laplacian operator L−

we consider here is not a linear operator, it is piecewise linear, self-adjoint and negative
semi-definite, so Proposition 2.29 still implies Proposition 2.28.

2.4.2 The Directed Heat Process

Due to the Lipschitz continuity of the operator L−, standard theory of ordinary differential
equations implies the following claim.

Proposition 2.31. There exists a unique family of continuous operators Pt : L
2({0, 1}n) →

L2({0, 1}n), for t ∈ [0,+∞), such that the following hold:
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(1) For any f ∈ L2({0, 1}n), we have P0f = f .

(2) For any f ∈ L2({0, 1}n), the map t 7→ Ptf is a differentiable map from [0,∞) to
L2({0, 1}n), and its derivative at each s ∈ [0,∞) equals L−[Psf ].

The dynamical process (Ptf)t⩾0 specified by Proposition 2.31 is called the directed heat
process starting from f . To analyze the convergence of this process, we prove the following
key lemma.

Lemma 2.32. For any f ∈ L2({0, 1}n) we have∥∥L−[f ]
∥∥2
2
⩾ E−(f).

Note that due to Proposition 2.28, the directed heat process always moves a function
f ∈ L2({0, 1}n) along the direction that (greedily) minimizes the directed energy value
E−(f), and hence it may be called a “gradient descent process.” Lemma 2.32 then serves to
quantify the speed of this directed energy decay: it gives a lower bound on the magnitude
of velocity vectors of the directed heat process. Furthermore, the bound in Lemma 2.32 is
good enough to show that the directed energy decays at an exponential rate. Analyzing the
dynamical process from this perspective, we are able to deduce the following conclusion.

Corollary 2.33. For each f ∈ L2({0, 1}n), there exists a monotone function P∞f : {0, 1}n →
R such that P∞f = limt→+∞ Ptf . Furthermore, we have

∥f − P∞f∥2 ⩽
∫ +∞

0

∥∥L−[Ptf ]
∥∥
2
dt =

∫ +∞

0

√
−1

2
· d

dt
E−(Ptf) dt ⩽

√
E−(f). (2.11)

Note that Theorem 2.15 follows directly from Corollary 2.33. We also note that the first
two transitions in (2.11) are direct consequences of Propositions 2.28 and 2.31, while the
third transition is due to differential inequality

− d

dt
E−(Ptf) ⩾ 2E−(Ptf),

which in turn is a consequence of Lemma 2.32.

2.5 The Approximate FKG Inequality

In this subsection, we outline the proof of the approximate FKG inequality (Theorem 2.17).
Readers interested in full details are referred to [7, Section 2].

We first note that the case where the functions take values in {0, 1} is easy. Indeed, we
have the following simple lemma.

Lemma 2.34. Assume that f, g : A → {0, 1} are monotone increasing functions. Then we
have E

x∈A
[f(x)g(x)] ⩾ µ(A) · E

x∈A
[f(x)] · E

x∈A
[g(x)].
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Proof. Let B = {x ∈ A : f(x) = 1} and C = {x ∈ A : g(x) = 1}. By the monotonicity
of f and g, the sets B and C are both monotone subsets of the hypercube {0, 1}n. By the
classical FKG inequality [11] we know that µ(B ∩ C) ⩾ µ(B) · µ(C). Therefore,

E
x∈A

[f(x)g(x)] =
µ(B ∩ C)
µ(A)

⩾ µ(A) · µ(B)

µ(A)
· µ(C)
µ(A)

= µ(A) · E
x∈A

[f(x)] · E
x∈A

[g(x)] .

It is straightforward to deduce from Lemma 2.34 that for monotone increasing functions
f, g : A→ {0, 1}, the desired approximate FKG inequality

CovA [f, g] ⩾ −
√

1− µ(A) ·
√
VarA [f ] · VarA [g]

holds.
The main challenge in Theorem 2.17 lies in extending this idea to real-valued functions.

In fact, the problem can be reduced to proving the following statement, which involves purely
random variables rather than any structural property of the partially ordered set A.

Theorem 2.35. Let (X,Y ) be a pair of real-valued random variables with bounded second
moment. Suppose there is a constant c ∈ [0, 1) such that for all a, b ∈ R,

P [X ⩾ a, Y ⩾ b] ⩾ c · P [X ⩾ a] · P [Y ⩾ b] , (2.12)

then we must have
Cov [X, Y ] ⩾ −

√
(1− c) · Var [X] · Var [Y ]. (2.13)

Proof of Theorem 2.17 assuming Theorem 2.35. Let x be a uniformly random element of
A and let X = f(x) and Y = g(x). Thus Var [X] = VarA [f ], Var [Y ] = VarA [g], and
Cov [X, Y ] = CovA [f, g].

Now for each pair of a, b ∈ R, if we define fa, gb : A→ R by

fa(x) := 1 {f(x) ⩾ a} and gb(x) := 1 {g(x) ⩾ b} ,

since they are clearly monotone increasing 0/1-valued functions, we can apply Lemma 2.34
to fa and gb to deduce that

P [X ⩾ a, Y ⩾ b] ⩾ µ(A) · P [X ⩾ a] · P [Y ⩾ b] .

If µ(A) = 1, then A = {0, 1}n and the conclusion follows from the classical FKG inequality.
If µ(A) < 1, we apply Theorem 2.35 to the random variable pair (X, Y ) with constant
c = µ(A), which yields exactly the desired conclusion.

The proof of Theorem 2.35 turns out to be surprisingly nontrivial. To illustrate the
complexity behind this inequality, we note that equality in (2.13) holds for a wide range of
joint distributions of (X, Y ) beyond the case captured by Lemma 2.34, i.e. where X and Y
take only two possible values.
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Example 2.36. Let (X, Y ) follow a discrete distribution supported on the grid {0, 2, 3}2.
Specifically, let

P [X = 3, Y = 3] = P [X = 3, Y = 2] = P [X = 2, Y = 3] =
1

5
,

P [X = 0, Y = 3] = P [X = 3, Y = 0] =
1

15
, and P [X = 2, Y = 2] =

4

15
.

It is easy to check that (2.12) holds for c = 45/49 and all a, b ∈ R. On the other hand,
we have Cov [X,Y ] = −8/45 and Var [X] = Var [Y ] = 28/45, so equality in (2.13) holds for
c = 45/49 as well.

A key challenge in Theorem 2.35 lies in its lack of “centrosymmetry” with respect to
(X, Y ). While the assumption (2.12) does not remain invariant under the substitution X 7→
−X and Y 7→ −Y , the conclusion is unaffected by such substitutions. The first step in the
proof of Theorem 2.35 is to extract the “symmetric information” inherent in the condition
(2.12). In the second step, we use the Cauchy-Schwarz inequality in a careful way that takes
in to account all equality cases similar to Example 2.36. The main techniques in the second
step are “constructive” applications of the Fubini-Tonelli theorem (i.e. exchanging the order
of integration), inspired by the author’s previous work [6].
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Chapter 3

Max-Cut in Multi-Pass Streaming

In this chapter, we provide an exposition of the proof of Theorem 1.6 from [8]. We first
define the “Max-Cut value” of graphs.

Definition 3.1. Given a finite vertex set V and a multi-set E of non-self-loop edges on V ,
the Max-Cut value of the graph G = (V,E) is defined to be

MaxCut(G) := min
x∈FV

2

1

|E|
∑

{u,v}∈E

1 {xu + xv = 1} .

In words, the Max-Cut value is the maximum fraction of edges cut by any bipartition
of the vertex set. We consider the complexity of the MaxCut problem under the model of
streaming algorithms, formally defined as follows.

Definition 3.2. A deterministic space-S streaming algorithm for graphs over the vertex set
V is specified by:

• a transition function T : {0, 1}S ×
(
V
2

)
→ {0, 1}S, and

• an output function O : {0, 1}S → [0, 1].

When the algorithm reads an edge {u, v} ∈
(
V
2

)
while in memory state z ∈ {0, 1}S, it updates

its memory to T (z, {u, v}). After processing all constraints in the input stream and reaching
a final memory state z ∈ {0, 1}S, it outputs the value O(z).

Definition 3.3. A randomized space-S streaming algorithm is a probability distribution over
deterministic space-S streaming algorithms.

In this thesis, streaming algorithms are always assumed to be randomized, if not stated
otherwise.

Definition 3.4. Let p be a positive integer. Given an input graph (V,E) whose edges are
presented as an ordered list (e1, e2, . . . , em), a p-pass streaming algorithm sequentially scans
the edges in the given order p times. Each scan over the entire edge list is referred to as a
pass.

We are now ready to state the formal version of Theorem 1.6.
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Theorem 3.5 ([8]). For any fixed constant ε > 0, there is a constant integer K > 0 such that
the following holds. Let n, p, S be positive integers. Suppose A is a p-pass space-S streaming
algorithm such that given any input graph G = ([n], E) with |E| ⩽ Kn and any ordering of
the edge set E, it achieves the following:

(1) If MaxCut(G) = 1, then the algorithm accepts with probability at least 2/3.

(2) If MaxCut(G) ⩽ 1
2
+ ε, then the algorithm rejects with probability at least 2/3.

Then we must have pS ⩾ Ωε(n
1/3).

3.1 The Communication Complexity Approach

The standard approach to proving space lower bounds for streaming algorithms is through the
framework of communication complexity. In this section, we introduce the communication
game used in the proof of Theorem 3.5. The game itself is only a minor adaptation from
prior works such as [19, 20], but we will present it in a way that best suits the subsequent
analysis in our paper [8].

3.1.1 Labeled Matchings

Labeled matchings are combinatorial objects that play a central role in previous lower bounds
for streaming Max-Cut [19, 20]. Compared to these prior works, our work [8] places a more
significant emphasis on the space of labeled matchings and the Fourier analytic properties
of this space.

Definition 3.6. Fix a ground set U and an integer m ⩽ |U |/2. An element y ∈ {−1, 0, 1}(
U
2)

is said to be a labeled matching over U if the edge set supp(y) :=
{
{u, v} ∈

(
U
2

)
: y{u,v} ̸= 0

}
consists of vertex disjoint edges. In that case, we think of the support of y as a graph, and
of the label of an edge {u, v} as y{u,v}.

Definition 3.7. The space of labeled matchings, denoted by ΩU,m ⊆ {−1, 0, 1}(
U
2), is defined

as
ΩU,m :=

{
y ∈ {−1, 0, 1}(

U
2) : supp(y) is a matching with m edges

}
.

Throughout this chapter we will mostly consider the case the ground set U is [n], and
the matching size m is αn where α > 0 is a small absolute constant. When both the ground
set and the matching size are clear from context, we often abbreviate notations and write Ω
instead of Ω[n],αn. In particular, we denote by ΩK the Cartesian product of K copies of Ω.

3.1.2 The Communication Game (DIHP)

The communication game we will define is called the Distributional Implicit Hidden Partition
(DIHP) problem. In this game there are K players, each receiving a labeled matching from
Ω[n],αn as an input. Their goal is to be able to tell if the labels of their matchings are
consistent, in the sense that there is a bipartition of the vertex set U so that edges that cross
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this bipartition are labeled by −1, and edges that stay within one side of the bipartition are
labeled by 1. We stress that each player only gets to see the edges they received, so while
that player can find bipartitions of the vertices consistent with their edges, the challenge
here is that the bipartition should be consistent with the edges of other players as well.

To prove that this communication problem is hard, [20] introduce two distributions over
the inputs of the players. In the YES distribution, all of the labels follow from one com-
mon bipartition of the vertices, whereas in the NO distribution each matching is labeled
independently. Formally, we define these distributions as follows:

Definition 3.8. Let K ∈ N be a constant. Define two distributions Dyes and Dno over ΩK :

1. The no distribution: define Dno to be the uniform distribution over ΩK .

2. The yes distribution: sample a uniformly random vector x ∈ Fn
2 , then independently

and uniformly sample K matchings M (1),M (2), . . . ,M (K) of size αn. For each i ∈ [K],
we let y(i) ∈ Ω have support supp(y(i)) = M (i) and be defined as y(i)uv = (−1)xu+xv for
{u, v} ∈ M (i). We define Dyes to be the joint distribution of (y(1), . . . , y(K)) obtained
by this procedure.

The work [20] shows an Ω(n) communication lower bound for this problem for protocols
in which player 1 sends a message to player 2, which sends a message to player 3 and so on
until its player K turn to speak. In that step, player K should decide whether to accept or
reject. These type of restricted protocols suffice for establishing single-pass lower bounds,
and are typically easier to prove.

A subtle difference between the communication problem we consider here and the one
used in [20], is that in our case each player only knows their matching. In contrast, in the
setting of [20], player i knows all of the matchings M (1), . . . ,M (i), and only the labels are
private. This does not matter for [20], as their setting is specifically designed to facilitate
their single-pass analysis. This distinction is crucial in the multi-pass setting, though, as
without it the problem is no longer hard. The multi-pass setting corresponds to protocols
similar to the above, except that in the end, player K sends a message to player 1, and
then the protocol continues in the same way. Note that with high probability the matchings
M (1), . . . ,M (K) will not be edge-disjoint. Hence, if the matchings were public, the last player
to act could announce a common edge to two of the matchings, and in the second pass the
two corresponding players could broadcast their labels of that edge and compare it. In the
no distribution, with probability 1/2 the labels would not match each other.

In light of this, we will consider the version of this problem wherein both the matchings
and the labels are private.

Definition 3.9. We define DIHP(n, α,K) to be the K-player communication game in the
number-in-hand (NIH) communication model where the i-th player gets as private input
y(i) ∈ Ω, and their goal is to decide whether (y(1), . . . , y(K)) comes from Dyes or Dno. For a
protocol Π, we define its advantage to be

adv(Π) :=

∣∣∣∣ P
y(1),...,y(K)∼Dyes

[
Π
(
y(1), . . . , y(K)

)
= 1
]
− P

y(1),...,y(K)∼Dno

[
Π
(
y(1), . . . , y(K)

)
= 1
]∣∣∣∣ .
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Our main result regarding the DIHP(n, α,K) is the following communication complexity
lower bound:

Theorem 3.10 ([8]). Let α ∈ (0, 10−7] be a constant. Any communication protocol Π for
DIHP(n, α,K) with advantage at least 0.1 requires Ω

(
n1/3K−2

)
bits of communication1.

3.1.3 Streaming Lower Bound from Communication Complexity

We next show that Theorem 3.10 implies Theorem 3.5. In the analysis, we will need the
following martingale concentration inequality.

Proposition 3.11 ([20, Lemma 2.5]). Let p ∈ (0, 1) and let X1, . . . , Xn be Bernoulli random
variables such that for every i ∈ [n], E [Xi | X1, . . . , Xi−1] ⩽ p. For any ∆ > 0, we have

P

[
n∑

i=1

Xi ⩾ ε+
n∑

i=1

pi

]
⩽ exp

(
− ε2

2ε+ 2
∑n

i=1 pi

)
.

We are now ready to deduce Theorem 3.5 from Theorem 3.10.

Proof of Theorem 3.5 assuming Theorem 3.10. Assume without loss of generality that ε <
1/10. Let α ∈ (0, 10−7] and K ∈ N be constants depending on ε that are to be determined
later. We divide the proof into the following steps.

Step 1: the reduction map. Recall that in the DIHP(n, α,K) game, the i-th player
has a labeled matching y(i) in hand. In this step, we show how to map a joint input
Y = (y(1), . . . , y(K)) ∈ ΩK in the communication game to a graph GY = ([n], EY ). The
construction of GY is as follows.

(1) For each i ∈ [K], let Mi be the sub-matching of supp(y(i)) consisting of all edges
{u, v} ∈ supp(y(i)) such that y(i)uv = −1. We let EY be the multi-set union of the Mi’s,
for i ∈ [K].

(2) Note that as GY is meant to be fed to a hypothetical streaming algorithm, we also
need to specify the order in which the edges in EY appear in the stream. This is
straightforward: we fix an arbitrary ordering of edges in each sub-matching Mi, and
concatenate the edge sequences Mi with respect to natural order on [K].

Note that we always have |EY | ⩽ Kn, so GY is a valid input graph in the context of
Theorem 3.5.

1The communication complexity is the total number of bits broadcast by all players in all rounds during
the communication game.
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Step 2: reduction justification. It is easy to see that a multi-pass streaming algorithm
taking input GY can be translated back to a communication protocol for DIHP(n, α,K): in
any pass whenever the streaming algorithm finishes processing a sub-matching Mi, the i-th
player in the communication game correspondingly broadcasts the memory state. In this
way, any p-pass streaming algorithm A that achieves∣∣∣∣ P

Y∼Dyes

[A(GY ) = 1]− P
Y∼Dno

[A(GY ) = 1]

∣∣∣∣ ⩾ 0.1 (3.1)

using S bits of memory implies a communication protocol Π for DIHP(n, α,K) with adv(Π) ⩾
0.1 using pKS total bits of communication. We thus conclude from Theorem 3.10 that any
p-pass streaming algorithm that achieves (3.1) must use at least (pK)−1 · Ωα(n

1/3/K2) =
Ω(n1/3/p) bits of memory.

The next step is to show the completeness and soundness of the reduction. For the
completeness, it is clear that when Y is sampled from the support of Dyes, the graph GY is
bipartite and thus has a Max-Cut value of 1. It remains to show the soundness guarantee

P
Y∼Dno

[
MaxCut(GY ) ⩽

1

2
+ ε

]
⩾ 1− o(1), (3.2)

where o(1) denotes a term that converges to 0 as n→ +∞. Given (3.2), it would follow that
any p-pass streaming algorithm A that satisfies the description in Theorem 3.5 must achieve
(3.1), and thus have memory size at least Ω(n1/3/p), as desired.

Step 3: soundness. In order to upper bound MaxCut(GY ) with high probability, we
upper bound the value

Cut(x, Y ) :=
1

|EY |
∑

{u,v}∈EY

1 {xu + xv = 1}

for any fixed bipartition x ∈ Fn
2 with high probability over the random joint input Y ∼ Dno.

It is clear that the random variable |EY | is the sum of K · αn independent uniform
Bernoulli random variables, so we can apply Proposition 3.11 and get

P
Y∼Dno

[
|EY | ⩽

(
1

2
− ε

4

)
Kαn

]
⩽ exp

(
−Kαn

64
· ε2
)
. (3.3)

We can think of each random matching supp(y(i)) as the result of a sequential random
selection of edges in

(
[n]
2

)
, without replacement of vertices. In the t-th selection step of the

sequential random selection process, the number of available vertices at each selection step
is ut = n− 2(t− 1) ⩾ n/2. Therefore, conditioned on the previously selected (t− 1) edges,
the probability that the t-th selected edge {u, v} satisfies xu + xv = 1 is at most

u2t/4(
ut

2

) =
ut

2(ut − 1)
⩽

1

2
+

2

n
.

We consider the combined process of selecting the K random matchings supp(y(1)), . . . ,
supp(y(K)). This is a process that has K · αn selection steps. Applying Proposition 3.11
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to this process, we deduce that with probability at most exp(−Kαn · ε2/64) over the joint
input Y = (y(1), . . . , y(K)) ∼ Dno we have

K∑
i=1

∑
{u,v}∈supp(y(i))

1 {yuv = −1 and xu + xv = 1} ⩾

(
1

4
+

1

n
+
ε

4

)
Kαn.

In other words, we have

P
Y∼Dno

 ∑
{u,v}∈EY

1 {xu + xv = 1} ⩾

(
1

4
+

1

n
+
ε

4

)
Kαn

 ⩽ exp

(
−Kαn

64
· ε2
)
. (3.4)

For sufficiently large n, combining (3.3) and (3.4) yields

P
Y∼Dno

[
Cut(x, Y ) ⩾

1

2
+ ε

]
⩽ 2 exp

(
−Kαn

64
· ε2
)
.

Taking a union bound over all x ∈ Fn
2 , we conclude that

P
Y∼Dno

[
MaxCut(GY ) ⩾

1

2
+ ε

]
⩽ 2 · 2n exp

(
−Kαn

64
· ε2
)

= exp(−Ω(n)),

as long as K ⩾ 100α−1ε−2. This proves (3.2) and hence the whole theorem.

3.2 Main Ideas

In this section, we provide an exposition of the main ideas behind the proof of Theorem 3.10.
Sections 3.2.1 to 3.2.3 discuss the main ideas in the prior work [19], but from our perspective.
We then explain how these ideas are extended by our work [8] to prove Theorem 3.10, in
Sections 3.2.4 and 3.2.5.

3.2.1 The Markov Kernel

Recall from Definition 3.8 that in the YES distribution Dyes, each labeled matching y(i) ∈
Ω[n],αn is generated based on an underlying bipartition x ∈ Fn

2 . We formalize this process of
generating y(i) from x as a Markov transition from the space Fn

2 to the space Ω[n],αn.

Definition 3.12. Fix a ground set U and an integer m ⩽ |U |/2. We define a right stochastic
matrix PU,m : FU

2 × ΩU,m → [0,∞) as follows. For each x ∈ FU
2 and y ∈ ΩU,m, we let

PU,m(x, y) :=
1

|MU,m|
· 1
{
yuv = (−1)xu+xv for all {u, v} ∈ supp(y)

}
,

where MU,m denotes the collection of all matchings over U with exactly m edges.

Notice the similarity of the above definition with Definition 2.3. We may now define a
pull-back operator from L2(ΩU,m) to L2(FU

2 ), analogous to what we did in Section 2.1.1.
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Ω[n],αn (player 1)

Fn
2 Ω[n],αn (player 2)

...

Ω[n],αn (player K)

P [n],αn

P [n],αn

P [n],αn

Figure 3.1: The Markov transitions generating Dyes in DIHP(n, α,K)

Definition 3.13. For any function f ∈ L2(ΩU,m), we define the pull-back image P U,m[f ] ∈
L2(FU

2 ) by
P U,m[f ](x) :=

∑
y∈ΩU,m

PU,m(x, y)f(y).

The benefit of switching from the matrix representation PU,m to the operator formulation
P U,m is that the latter makes it easier to conduct spectral analysis, as is the case in Sec-
tion 2.1.1. A key difference between our operator P U,m with the operator in Definition 2.4 is
that the latter is a linear “endomorphism” on an inner product space, while P U,m is a linear
map between different inner product spaces. Therefore, whereas we analyzed the eigenvalues
of the operator in Section 2.1.1, here the correct analogy is to analyze the singular value
decomposition of the P U,m.

The Markov-kernel view of the YES distribution in the DIHP(n, α,K) game is illustrated
in Figure 3.1.

Note that the matrix PU,m can be viewed as the (normalized) adjacency matrix of a
biregular bipartite graph between the left vertex set FU

2 and the right vertex set ΩU,m. We
denote this bipartite graph by GU,m. Due to the biregularity of GU,m, there is a canonical
Markov transition from ΩU,m back to FU

2 : on each state y ∈ ΩU,m, one picks a random
neighbor x ∈ FU

2 of y in GU,m and moves to x. This Markov transition gives rise to a
pull-back operator (

P U,m
)†

: L2(FU
2 ) −→ L2(ΩU,m),

in the same way as Definition 3.12 gives rise to Definition 3.13. It is not hard to see that
the operator

(
P U,m

)† is exactly the adjoint of the operator P U,m, in the sense that〈
P U,m[f ], g

〉
=
〈
f,
(
P U,m

)†
[g]
〉
, for all f ∈ L2(ΩU,m) and g ∈ L2(FU

2 ).

3.2.2 Hypercontractivity

As introduced in Section 1.2, hypercontractivity refers to the phenomenon where an opera-
tor T not only contracts a given Lp-norm, in the sense that

∥Tf∥p ≲ ∥f∥p,
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but in fact improves the norm, contracting from an Lp-norm to a stronger Lq-norm, i.e.

∥Tf∥q ≲ ∥f∥p

for some q > p.
In many applications in discrete mathematics, hypercontractivity admits a combinatorial

interpretation as a small-set expansion property. For instance, a key property of the bipartite
graph G[n],αn between Fn

2 and Ω[n],αn is that, for any sufficiently small subset of vertices
B ⊆ Fn

2 , the edges emanating from B to Ω[n],αn have few “collisions” among their endpoints.
In other words, the vertex set B expands well in this bipartite graph — hence the term
small-set expansion.

To formalize this perspective, for each subset B ⊆ Fn
2 we define its density function

ϕB : Fn
2 → [0,∞) by

ϕB(x) =
2n

|B|
· 1 {x ∈ B} .

The rate of “pairwise collisions” among the edges emanating from B to Ω[n],αn is then cap-
tured, up to normalization, by the ratio∥∥∥(P [n],αn

)†
[ϕB]

∥∥∥2
2

∥ϕB∥22
.

Note that the case B = Fn
2 corresponds to the worst possible collision rate, for which the

above ratio equals 1; hence, a value ≪ 1 indicates good expansion. Accordingly, for the
bipartite graph between Fn

2 and Ω[n],αn to qualify as a small-set expander (from left to right),
we would like a statement of the form:

Statement 3.14 (Small-set expander). For any constant ε > 0, there exists a constant
δ > 0 such that for all n ⩾ 1 and all subsets B ⊆ Fn

2 of size |B| ⩽ δ · 2n, we have∥∥∥(P [n],αn
)†
[ϕB]

∥∥∥2
2
⩽ ε∥ϕB∥22.

Such statements can usually be deduced from some hypercontractive inequalities, such
as the following.

Statement 3.15 (Hypercontractivity). For any nonempty subset B ⊆ Fn
2 , we have∥∥∥(P [n],αn

)†
[ϕB]

∥∥∥
2
⩽ ∥ϕB∥5/4.

Note that Statement 3.14 follows from Statement 3.15 because ∥ϕB∥5/4 = (2n/|B|)1/5 =
∥ϕB∥2/52 .

Remark 3.16. Although we have used the bipartite graph between Fn
2 and Ω[n],αn as an

illustrative example, the preceding discussion on hypercontractivity and small-set expan-
sion applies to any biregular bipartite graph. For the specific graph G[n],αn, the paper [12]
implicitly established that Statement 3.15 holds, and consequently, so does Statement 3.14.
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3.2.3 Expander vs. Extractor

A combinatorial notion closely related to expander graphs is that of extractors. We again use
the biregular bipartite graph G[n],αn as an example. For this graph to qualify as an extractor
(from left to right), we would like a statement of the following form:

Statement 3.17 (Extractor). There exists a constant δ > 0 such that for all n ⩾ 1 and all
subsets B ⊆ Fn

2 of size |B| ⩾ 2n−δ, we have∥∥∥(P [n],αn
)†
[ϕB]

∥∥∥
2
⩽ 1 + o(1),

where o(1) denotes a quantity that tends to 0 as n→ ∞.

Such a statement expresses that the uniform distribution on a large subset B ⊆ Fn
2 (whose

density function is ϕB) is pushed forward by the Markov transition P[n],αn to a distribution
on Ω[n],αn that is asymptotically close to uniform.

Unlike the small-set expander statement (Statement 3.14), this extractor statement can-
not be deduced from the hypercontractivity inequality in Statement 3.15. Nevertheless, for
the specific bipartite graph G[n],αn, the following stronger hypercontractivity inequality was
(implicitly) proved in [12].

Lemma 3.18 ([12]). Suppose α ∈ (0, 10−2) is a fixed constant. For any function f ∈ L2(Fn
2 ),

we have ∥∥∥(P [n],αn
)†
[f ]
∥∥∥
2
⩽ ∥f∥1+n−1/2 + 2−

√
n∥f∥2.

By applying Lemma 3.18 to the function ϕB, we get the following corollary which clearly
implies Statement 3.17.

Corollary 3.19. Suppose α ∈ (0, 10−2) is a fixed constant. For any constant ε > 0, there
exists a constant δ > 0 such that for all n ⩾ 1 and all subsets B ⊆ Fn

2 of size |B| ⩾ 2n−δ
√
n,

we have ∥∥∥(P [n],αn
)†
[ϕB]

∥∥∥
2
⩽ 1 + ε.

The extractor property of the operator
(
P [n],αn

)† plays a crucial role in proving streaming
lower bounds for approximating Max-Cut, as we next explain.

As discussed in Section 3.1.2, to establish lower bounds against single-pass streaming
algorithms for Max-Cut, it suffices to prove a communication lower bound for one-way pro-
tocols for DIHP(n, α,K). To this end, we aim to show that in any efficient one-way protocol,
no player can reliably distinguish whether the joint input (y(1), . . . , y(K)) is drawn from Dyes

or Dno, based solely on her received input y(i) and the messages sent by previous players.
Formally, for each player index i ∈ [K], we would like to show that, conditioned on the
messages of the first (i − 1) players, the distributions Dyes and Dno have almost identical
marginals on the i-th player. Since the marginal of Dno (even after arbitrary conditioning on
the inputs of the first (i−1) players) is uniform over Ω[n],αn, it therefore suffices to show that
under (y(1), . . . , y(K)) ∼ Dyes, the distribution of y(i) conditioned on the first (i−1) messages
is close to uniform. Due to the construction of the distribution Dyes (see Figure 3.1), this
amounts to asking for some extractor property of the operator

(
P [n],αn

)†.
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Using Corollary 3.19 and the argument above, it was proved in [19] that any one-way pro-
tocol for DIHP(n, α,K) achieving an advantage of at least 0.1 must have total message length
at least Ω(

√
n). This in turns imply the single-pass streaming lower bound of Theorem 1.5.

3.2.4 Reverse Extractor

The extractor property of
(
P [n],αn

)† can be interpreted as a form of information loss when
the Markov kernel P[n],αn pushes a probability distribution on Fn

2 forward to a distribution
on Ω[n],αn (see Figure 3.1 for an illustration). From this perspective, Corollary 3.19 informally
captures the idea that although a subset B ⊆ Fn

2 of size |B| ⩾ 2n−δ
√
n may encode up to δ

√
n

bits of “information,” this information is largely lost under the Markov transition to Ω[n],αn,
as the resulting distribution is nearly uniform.

The single-pass analysis of [19] relies primarily on this forward-direction loss of informa-
tion from Fn

2 to Ω[n],αn. However, such an argument breaks down in the multi-pass setting,
due to the more intricate “information flow” that arises in non–one-way communication pro-
tocols.

A key conceptual contribution of our work [8] is to show that the backward transition
from Ω[n],αn to Fn

2 also exhibits a loss-of-information property, and that this property can be
leveraged to prove communication lower bounds for general (possibly multi-pass) protocols.

Ideally, we would like to establish a “backward” analogue of Corollary 3.19, of the following
form.

Statement 3.20 (False). For any constant ε > 0, there exists a constant δ > 0 such that
for all n ⩾ 1 and all subsets A ⊆ Ω[n],αn of size |A| ⩾ 2−δ

√
n ·
∣∣Ω[n],αn

∣∣, we have∥∥P [n],αn[ϕA]
∥∥
2
⩽ 1 + ε,

where ϕA =
(∣∣Ω[n],αn

∣∣ /|A|) · 1A is the density function of A.

Unfortunately, the above statement is false, due to the following counterexample.

Example 3.21. Let A ⊆ Ω[n],αn be defined by

A :=
{
y ∈ Ω[n],αn

∣∣ y{1,2} = 1
}
.

Then for all x ∈ Fn
2 we have

P [n],αn[ϕA](x) =

{
2, if x1 + x2 = 0,

0, if x1 + x2 = 1.

We thus have
∥∥P [n],αn[ϕA]

∥∥
2
=

√
2, while |A| ⩾ n−O(1) ·

∣∣Ω[n],αn
∣∣.

3.2.5 Global Hypercontractivity

At this point, the technique of global hypercontractivity comes to the rescue. This approach
originates from the seminal work of Khot, Minzer, and Safra [23], which addressed the
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challenge that a certain graph of interest — known as the Grassmann graph — fails to be
a small-set expander. They discovered the crucial phenomenon that what drives expansion
in the Grassmann graph is not the size of a set, but rather its pseudorandomness. To show
that any pseudorandom set exhibits good expansion, they established a hypercontractive
inequality of the form

∥Tf∥q ≲ ∥f∥p for all pseudorandom functions f,

where T denotes the Markov operator corresponding to the adjacency matrix of the Grass-
mann graph. In words, Khot, Minzer and Safra showed that although the operator T is not
hypercontractive, it does exhibit hypercontractivity when acted on certain pseudorandom
functions.

Since both small-set expansion and extractor properties often comes from hypercontrac-
tivity of operators, it is natural to ask whether one can fix Statement 3.20 by adding certain
pseudorandomness condition to the set A ⊆ Ω[n],αn, in analogy with how [23] fixes the failure
of small-set expansion in the Grassmann graph.

To define the notion of pseudorandomness we shall be interested in restrictions of Ω[n],αn,
by which we mean the resulting space of labeled matchings once we fix a few of the coordi-
nates.

Definition 3.22 (Restrictions). For each string z ∈ {−1, 0, 1}(
[n]
2 ), we let Ω

[n],αn
z ⊆ Ω[n],αn

be the restricted domain defined by

Ω[n],αn
z :=

{
y ∈ Ω[n],αn : yuv = zuv for all {u, v} ∈ supp(z)

}
.

We call z a “restriction” if Ω[n],αn
z ̸= ∅. In particular, for z to qualify as a restriction, the

edge set supp(z) must be a matching of size no more than αn.

Note that in the space Ω[n],αn, if we fix the entry corresponding to edge {i, j} ∈
(
[n]
2

)
to

a non-zero value, then the entry corresponding to any other edge {i, j′} and {i′, j} must be
given the value 0. Indeed, this is because each element in Ω[n],αn is a labeled matching. This
motivates the following definition:

Definition 3.23. For a string z ∈ {−1, 0, 1}(
[n]
2 ), we denote by N(z) ⊆ [n] the set of vertices

incident to some pair in supp(z).

Note that the restricted space Ω
[n],αn
z is “isomorphic” to Ω[n]\N(z), αn−|supp(z)|.

We will often want to further restrict an already restricted space. Towards this end, for
a restriction z′ we wish to consider the restrictions z that extend/subsume it:

Definition 3.24. For two strings z, z′ ∈ {−1, 0, 1}(
[n]
2 ), we say z subsumes z′ if supp(z′) ⊆

supp(z) and for all {u, v} ∈ supp(z′) we have that zuv = z′uv.

Armed with the notion of restrictions, we can now formally define the notion of global
(i.e. pseudorandom) sets.
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Definition 3.25. A subset A ⊆ Ω[n],αn is said to be z′-global if A ⊆ Ω
[n],αn
z′ , and for all

restrictions z that subsume z′ we have∣∣∣A ∩ Ω
[n],αn
z

∣∣∣∣∣∣Ω[n],αn
z

∣∣∣ ⩽ 2|supp(z)|−|supp(z′)| ·

∣∣∣A ∩ Ω
[n],αn
z′

∣∣∣∣∣∣Ω[n],αn
z′

∣∣∣ .

When z′ = 0⃗ is the trivial restriction, we simply say that A is global (omitting the z′).

In words, for a set A and a restriction z′, we say that A is z′-global if any further restric-
tions z that subsumes z′ increases the relative density of A by factor at most 2|supp(z)|−|supp(z′)|.

It is easy to see that the set A defined in Example 3.21 is not a global set. In fact, we
are now ready to state the following “global” version of Statement 3.20 proved in [8], which
rules out any counterexample that is a global set.

Theorem 3.26 ([8]). Let α ∈ (0, 10−7) be a fixed constant. For any constant ε > 0, there
exists a constant δ > 0 such that for all n ⩾ 1 and all global subset A ⊆ Ω[n],αn of size
|A| ⩾ 2−δn ·

∣∣Ω[n],αn
∣∣, we have ∥∥P [n],αn[ϕA]

∥∥
2
⩽ 1 + ε.

As clean as Theorem 3.26 is, we are not able to directly apply this result in the proof of
the desired communication lower bound, due to technical reasons. In the next section, we
will introduce a more complicated variant of Theorem 3.26 — Lemma 3.33 — and explain
how to use it to prove the communication lower bound in Theorem 3.10.

3.3 The Discrepancy Method

As is standard in communication complexity, a subset R ⊆ ΩK of the space of joint inputs
is called a rectangle if it is the Cartesian product of sets A(i) ⊆ Ω, one for each i ∈ [K]; that
is, R =

∏K
i=1A

(i). One of the most classical techniques in communication complexity is the
discrepancy method, which usually takes the following two steps:

1. Decomposition step: show that the output of any efficient communication protocol
must be constant on each of a collection of (large) rectangles that partition the joint
input space.

2. Discrepancy step: show for each such rectangle R that Dyes(R) and Dno(R) are close,
where Dyes and Dno are the YES and NO distributions, respectively.

Our proof of Theorem 3.10 adopts the general outline of the discrepancy method. The
additional nuance in our setting is that the rectangles in the partition of ΩK must all satisfy
some globalness properties, as specified by the following definitions.

Definition 3.27 (Structured rectangles). Let R = A(1) × · · · × A(K) ⊆ ΩK be a rectangle,
and let ζ = (z(1), . . . , z(K)) be a sequence of restrictions. We say that R is ζ-global if for all
i ∈ [K], the set A(i) is z(i)-global. When a rectangle R is ζ-global, we also say that the pair
(ζ, R) is a structured rectangle.

38



Definition 3.28 (Good rectangles). Let W be a positive real number. We say a struc-
tured rectangle (ζ, R), where R =

∏k
i=1A

(i) and ζ =
(
z(i)
)
i∈[K]

, is W -good if the following
conditions hold:

(1) The edge sets
(
supp(z(i))

)
i∈[K]

are pairwise disjoint, and their union does not contain
any cycle.

(2)
∑K

i=1

∣∣supp(z(i)))∣∣ ⩽ W .

(3)
∣∣A(i)

∣∣ / |Ωz(i)| ⩾ 2−W for all i ∈ [K].

The goals of our decomposition step and discrepancy step are to prove the following two
lemmas:

Lemma 3.29 (Decomposition lemma). Fix an integer K > 0 and a parameter α > 0. There
exists a constant β > 0 such that given any communication protocol Π for DIHP(n, α,K) with
|Π| ⩽ βn1/3,2 there exists a collection R of pairwise-disjoint structured rectangles (ζ, R) in
the space ΩK such that the following conditions hold:

(1) Dno

(⋃
(ζ,R)∈RR

)
⩾ 0.99.

(2) Each (ζ, R) ∈ R is (105 · |Π|)-good.

(3) For each (ζ, R) ∈ R, there exists aR ∈ {0, 1} such that Π(Y ) = aR for every Y ∈ R.

Lemma 3.30 (Discrepancy lemma). Fix an integer K > 0 and a parameter α ∈ (0, 10−7).
There exists a constant γ > 0 such that for any (γn1/3)-good structured rectangle (ζ, R), we
have

|Dyes(R)−Dno(R)| ⩽ 10−3 · Dno(R).

Once we have Lemmas 3.29 and 3.30, Theorem 3.10 will easily follow:

Proof of Theorem 3.10 assuming Lemmas 3.29 and 3.30. Let β and γ be the constants ob-
tained from Lemmas 3.29 and 3.30, respectively. We fix a communication protocol Π with
|Π| ⩽ min{β, 10−5γ} · n1/3, and we proceed to show that adv(Π) ⩽ 0.1.

We first apply Lemma 3.29 to obtain a collection R of structured rectangles. We know
that each pair (ζ, R) ∈ R is (105|Π|)-good, which is also (γn1/3)-good because 105|Π| ⩽ γn1/3.
By Lemma 3.30 we have

|Dyes(R)−Dno(R)| ⩽ 10−3 · Dno(R)

for each (ζ, R) ∈ R.
Note that for each (ζ, R) ∈ R, the output of Π is constant on R. By Definition 3.9 we

have

adv(Π) =

∣∣∣∣ P
Y∼Dyes

[Π(Y ) = 1]− P
Y∼Dno

[Π(Y ) = 1]

∣∣∣∣
2We let |Π| denote the maximum total number of bits broadcast by the players, over any joint input.
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(Global Hypercontractivity)
Lemma 3.38

(Discrepancy Lemma)
Lemma 3.30

(Decomposition Lemma)
Lemma 3.29

Theorem 3.10

Figure 3.2: The structure of the proof of Theorem 3.10. The step indicated by the red arrow
is the focus of this thesis.

⩽ P
Y∼Dyes

Y ̸∈
⋃

(ζ,R)∈R

R

+ P
Y∼Dno

Y ̸∈
⋃

(ζ,R)∈R

R

+
∑

(ζ,R)∈R

|Dyes(R)−Dno(R)|

⩽ 2 · P
Y∼Dno

Y ̸∈
⋃

(ζ,R)∈R

R

+ 2 ·
∑

(ζ,R)∈R

|Dyes(R)−Dno(R)|

⩽ 2(1− 0.99) + 2
∑

(ζ,R)∈R

0.001 · Dno(R) < 0.1,

as desired.

In the rest of this section, we develop a proof of the discrepancy lemma assuming
Lemma 3.38, which is a variant of the “reverse extractor” statement in Theorem 3.26. The
proofs of Lemma 3.38 and the decomposition lemma will be discussed in Sections 3.4 and 3.5,
respectively. The overall structure of the proof of Theorem 3.10 is illustrated in Figure 3.2.

3.3.1 Discrepancy Calculation

The main reason a hypercontractive inequality for the pull-back operator P [n],αn may be
useful for proving the discrepancy lemma is that the discrepancy |Dyes(R) − Dno(R)| of a
rectangle R can be expressed in terms of the operator P [n],αn, as shown in the following
lemma.

Lemma 3.31. For Ω = Ω[n],αn and for any rectangle R = A(1) × · · · × A(K) ⊆ ΩK, we have

Dyes(R) = Dno(R) · E
x∈Fn

2

[
K∏
i=1

P [n],αn
[
ϕA(i)

]
(x)

]
. (3.5)

Proof. Recall that in the sampling process of Dyes, we first uniformly sample a vector x ∈ Fn
2 ,

and for each i ∈ [K], sample y(i) according to the probability density function P[n],αn(x, ·).
We can thus calculate

Dyes(R) = E
x∈Fn

2

 K∏
i=1

∑
y∈A(i)

P[n],αn(x, y)


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= E
x∈Fn

2

[
K∏
i=1

∑
y∈Ω

P[n],αn(x, y)ϕA(i)(y)

]
·

K∏
i=1

∣∣A(i)
∣∣

|Ω|

= E
x∈Fn

2

[
K∏
i=1

P [n],αn
[
ϕA(i)

]
(x)

]
· Dno(R).

3.3.2 Bounding Discrepancy via K-norms

We would like to bound the right-hand side of (3.5) using Hölder’s inequality, which requires
an upper bound on the K-norm of the pull-back function P [n],αn

[
ϕA(i)

]
. Compared with the

statement of Theorem 3.26, which provides a bound on the 2-norm of the pull-back function,
this may seem like a natural strengthening — after all, the hypercontractivity of an operator
typically allows one to control stronger norms of its image from bounds on weaker norms of
the original function.

Another reason Theorem 3.26 does not apply well for proving the discrepancy bound
in Lemma 3.30 is that while Theorem 3.26 works for sets A that are 0⃗-global (see Defini-
tion 3.25), the sets arising from the structured rectangles in Lemma 3.30 are only z-global
for some restrictions z. In particular, we cannot hope that the distribution P [n],αn[ϕA] is
close to uniform on Fn

2 if A is only assumed to be z-global, for some nonzero restriction z. To
address this issue, we define for each restriction z a linear subspace L(z) ⊆ Fn

2 such that any
large z-global set of Ω “extracts” to a near-uniform distribution on L(z), under the operator
P [n],αn.

Definition 3.32. For every string z ∈ {−1, 0, 1}(
U
2), we define the affine subspace L(z) ⊆ FU

2

by

L(z) :=
⋂

{u,v}: zuv=1

{
x ∈ FU

2 : xu + xv = 0
}
∩

⋂
{u,v}: zuv=−1

{
x ∈ FU

2 : xu + xv = 1
}
.

When used in this context, we call the string z a “constraint.”

We can now state our main goal in the respect of extracting near-uniform distributions
from z-global sets.

Lemma 3.33. Let A ⊆ Ωz′ be a z′-global set, let z be a constraint that subsumes z′ and
define the function h : L(z) → R by h(x) = 2−|supp(z′)| · P [n],αn[ϕA](x)− 1. Suppose that the
following conditions hold for constants γ, η ∈ (0, 1

10
):

1. supp(z) does not contain any cycles;

2. |supp(z)| ⩽ γn1/3;

3. |A|/|Ωz′ | ⩾ 2−ηn1/3.

Then we have that ∥h∥K ⩽
√
4ηγ2K2 + 4η + 2γ+o(1). Here, the K-norm of h is with respect

to the uniform distribution on the subspace L(z), i.e., ∥h∥K =
(
Ex∈L(z)

[
|h(x)|K

])1/K.
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The proof of Lemma 3.33 is deferred to the following subsections. We conclude this
subsection by showing how the discrepancy lemma follows from Lemma 3.33.

Proof of Lemma 3.30 assuming Lemma 3.33. We pick a constant γ > 0 such that

exp
(
K
√

4γ3K2 + 6γ
)
− 1 ⩽ 10−4.

Let (ζ, R) be any (γn−1/3)-good structured rectangle. Let ζ = (z(1), . . . , z(k)) and R =∏K
i=1A

(i). By Lemma 3.31, it suffices to show∣∣∣∣∣ E
x∈Fn

2

[
K∏
i=1

P [n],αn
[
ϕA(i)

]
(x)

]
− 1

∣∣∣∣∣ ⩽ 10−3.

Define z ∈ {−1, 0, 1}(
[n]
2 ) by

zuv =

{
z
(i)
uv , if {u, v} ∈ supp(z(i)) for some i ∈ [K],

0, if {u, v} ̸∈ supp(z(i)) for all i ∈ [K].

We note that z is well defined since the supports in the sequence
(
supp(z(i))

)
i∈[K]

are disjoint.
Also, using this fact and the fact their union does not contain any cycles, we have

dim(L(z)) = n− |supp(z)| = n−
K∑
i=1

∣∣supp(z(i))∣∣ .
Since L(z) =

⋂K
i=1 L(z

(i)) and each density function P [n],αn
[
ϕA(i)

]
is supported on L(z(i)),

we have

E
x∈Fn

2

[
K∏
i=1

P [n],αn
[
ϕA(i)

]
(x)

]
= 2|supp(z)| · E

x∈L(z)

[
K∏
i=1

P [n],αn
[
ϕA(i)

]
(x)

]

= E
x∈L(z)

[
K∏
i=1

(
2|supp(z

(i))| · P [n],αn
[
ϕA(i)

]
(x)
)]

.

Defining hi : L(z) → R by hi(x) := 2|supp(z
(i))| · P [n],αn

[
ϕA(i)

]
(x)− 1, we get

∣∣∣∣∣ E
x∈Fn

2

[
K∏
i=1

P [n],αn
[
ϕA(i)

]
(x)

]
− 1

∣∣∣∣∣ =
∣∣∣∣∣ E
x∈L(z)

[
K∏
i=1

(1 + hi(x))

]
− 1

∣∣∣∣∣
=

∣∣∣∣∣∣
∑

T⊆[K], T ̸=∅

E
x∈L(z)

[∏
i∈T

hi(x)

]∣∣∣∣∣∣
⩽

∑
T⊆[K], T ̸=∅

E
x∈L(z)

[∣∣∣∣∣∏
i∈T

hi(x)

∣∣∣∣∣
]
,
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density function ϕA

on Ω[n],αn

Fourier spectrum
of ϕA on Ω[n],αn

(Theorem 3.48)

Fourier spectrum
of P [n],αn[ϕA]
(Lemma 3.38)

P [n],αn[ϕA] close to
uniform on L(z) ⊆ Fn

2

(Lemma 3.33)

global level-d inequality

singular value
decomposition

of P [n],αn

standard hypercontractivity

(global) hypercontractivity of P [n],αn

Figure 3.3: The structure of the proof of Lemma 3.33. The step indicated by the red arrow
is the focus of this section.

where the last transition is by the triangle inequality. Using Hölder’s inequality, the last
expression is at most

∑
T⊆[K]
T ̸=∅

∏
i∈T

∥hi∥|T | ⩽
∑
T⊆[K]
T ̸=∅

∏
i∈T

∥hi∥K =
K∏
i=1

(1 + ∥hi∥K)− 1 ⩽ exp
(
K
√

4γ3K2 + 6γ + o(1)
)
− 1,

where the last transition is by the inequality 1 + s ⩽ exp(s) and by Lemma 3.33.

3.3.3 Hypercontractivity via Fourier Analysis

As discussed in Section 3.2, extractor properties such as Lemma 3.33 are usually due to the
hypercontractivity of the underlying operator, which is P [n],αn in this case. However, the
author is not aware of any direct way of proving such hypercontractivity. What we can do
with the operator P [n],αn is to analyze its singular value decomposition (as briefly mentioned
in Section 3.2.1). Fortunately, the singular vectors produced by the decomposition of P [n],αn

turns out to be nice-behaving Fourier characters,3 and Fourier analysis has provided suc-
cessful approaches to proving hypercontractivity of many operators of interest (see, e.g., [25,
Chapter 9]). In light of this, we will take the Fourier analytic approach to prove Lemma 3.33;
the road map of the proof is illustrated in Figure 3.3.

Remark 3.34. The above discussion also applies to the hypercontractivity of the “forward
operator”

(
P [n],αn

)† (Theorem 3.18) proved by [12]. The high-level structure of the proof
Lemma 3.33 is basically the same as that of [12], except for a reversing of the roles of the
spaces Fn

2 and Ω[n],αn. On a more technical level, however, there are two important caveats.

3In fact, this is the main reason behind the choice of P [n],αn in the construction of the YES distribution
Dyes in Definition 3.8.
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First, there are no restrictions or pseudorandomness notions in [12], while we crucially need
those in our setting due to the failure of hypercontractivity otherwise (see Statement 3.20).
Second, while the proof in [12] could directly use the classical level-d inequality for the
hypercube in the first step (see Figure 3.3), we have to prove a new global level-d inequality
for the non-product space Ω[n],αn.

We assume basic familiarity with discrete Fourier analysis on the hypercube Fn
2 (see,

e.g., [25]). For each subset S ⊆ [n], let χS : Fn
2 → R denote the associated character

function. Every function f : Fn
2 → R admits a unique Fourier expansion

f =
∑
S⊆[n]

f̂(S)χS,

where the scalars f̂(S) are the Fourier coefficients of f .
This expansion induces the usual degree decomposition of f , namely

f =
n∑

d=0

f=d, where f=d =
∑
S⊆[n]
|S|=d

f̂(S)χS.

Informally, characters indexed by larger sets S “oscillate” more rapidly, so the decom-
position f =

∑
d f

=d separates the “low-oscillation” components of f (small |S|) from the
“high-oscillation” ones. If the degree-d mass

∥∥f=d
∥∥
2
=

( ∑
S⊆[n], |S|=d

f̂(S)2

)1/2

decays quickly as d increases, then f behaves “smoothly” in the sense that its high-frequency
content is small. Fourier-degree decay is therefore a standard proxy for smoothness.

In our setting, being “close to uniform” is precisely a kind of smoothness condition on
a distribution’s density function. Thus, a natural approach to proving Theorem 3.33 is
to establish an appropriate Fourier-decay bound for the density functions on Fn

2 that are
pull-backs of the operator P [n],αn.

The following definition of decay of Fourier coefficients is specifically designed for our
context.

Definition 3.35. Let w be a real number in the range (0, n), and let c be a positive real
number. We say a function f : Fn

2 → R is (w, δ, c)-decaying if

1. f̂(∅)2 ⩽ δ,

2. for every d ⩾ 1, f=2d−1 = 0, and

3. for every 1 ⩽ d ⩽ n/2,
∥∥f=2d

∥∥2
2
⩽ c−dF (n, d, w), where F (n, d, w) is defined by

F (n, d, w) =

{(
w
n

)d
, if 0 ⩽ d ⩽ w,(

d
4n

)d · 22w, if d > w.
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We remark that for d = 0 the value F (n, d, w) is defined to be 1. Although this case
is irrelevant for the definition of decaying functions, adopting this convention will be
useful for subsequent analysis.

We will need the following proposition ensuring that the piecewise definition of the Fourier
weight bound F (n, d, w) is well-behaved and convenient to work with.

Proposition 3.36. The function F (n, d, w) has the following properties:

(1) For fixed n and d, the bound F (n, d, w) is increasing in w, and for all t ⩾ 1

F (n, d, tw)

F (n, d, w)
⩾ tmin{d,w}.

(2) For fixed n and w < n, the bound F (n, d, w) is decreasing in d, and

F (n, d, w)

F (n, d− 1, w)
⩽

max{d, w}
n

.

Proof. We begin with the first item, and we fix n and d. The function F (n, d, w) is continuous
and piecewise differentiable in w, in the range w ∈ (0, n). We have

d

dw
lnF (n, d, w) =

{
ln 4, if 0 < w < d

d/w, if w > d

⩾ min{d, w}/w.

It follows that∫ tw

w

d

dr
lnF (n, d, r)dr ⩾

∫ tw

w

min{d, r}
r

dr ⩾
∫ tw

w

min{d, w}
r

dr = min{d, w} · ln t,

which translates to F (n, d, tw)/F (n, d, w) ⩾ tmin{d,w}, giving the first item.
For the second item, we have

F (n, d, w)

F (n, d− 1, w)
⩽ max

{
w

n
,

dd

4(d− 1)d−1 · n

}
⩽

max{d, w}
n

,

as desired.

The following results shows that fast decay of Fourier coefficients coupled with mild
bounds on the L∞-norm implies good bounds for the K-norm of a function.

Lemma 3.37. Let K ⩾ 2 be an integer and let γ ∈ (0, 1
4
) be a constant. Suppose h : Fn

2 → R
is (γn, δ, 1)-decaying, and that ∥h∥∞ ⩽ 2o(n). Then ∥h∥K ⩽

√
δ + 2γK2+on(1), where on(1)

hides a term that tends to 0 as n→ +∞.
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Proof. By classical hypercontractivity (see [25], proof of Theorem 9.21), we have

∥∥h⩽2γn
∥∥
K
⩽

⌊γn⌋∑
d=0

(K − 1)2d
∥∥h=2d

∥∥2
2

1/2

⩽

δ + ⌊γn⌋∑
d=1

K2dγd

1/2

⩽
√
δ + 2γK2.

Using Parseval and Proposition 3.36 we also get

∥∥h>2γn
∥∥
2
⩽

 n/2∑
d=⌈γn⌉

F (n, d, γn)

1/2

⩽
√
2F (n, ⌈γn⌉, γn) ⩽

√
2γγn.

Therefore, using Hölder’s inequality and Cauchy-Schwarz we get that

∥h∥KK =
〈
hK−1, h

〉
=
〈
hK−1, h⩽2γn

〉
+
〈
hK−1, h>2γn

〉
⩽
∥∥hK−1

∥∥
K/(K−1)

∥∥h⩽2γn
∥∥
K
+
∥∥hK−1

∥∥
2

∥∥h>2γn
∥∥
2

⩽
√
δ + 2γK2 ∥h∥K−1

K +
√

2γγn∥h∥K−1
∞

⩽
√
δ + 2γK2 ∥h∥K−1

K + on(1),

and the conclusion follows by rearranging.

We now ready to state the main decay lemma, asserting that if A is global, then applying
P [n],αn to ϕA produces a decaying function:

Lemma 3.38. Suppose that U has |U | ⩾ 107m where m ⩾ 10(w + 1), and let A ⊆ ΩU,m

be a global set with |A| = 2−w ·
∣∣ΩU,m

∣∣. Then the function f : FU
2 → R defined by f(x) :=

P U,m[ϕA](x)− 1 is (w/2, 0, 2)-decaying.

The proof of Lemma 3.38 will be the subject of the Section 3.4. In the next few subsec-
tions, we explain how to deduce Lemma 3.33 from Lemma 3.38.

3.3.4 Fourier Analytic Setup

Recall the goal of Lemma 3.33: we want to show that the operator P [n],αn maps any suffi-
ciently large global set in Ωz′ to a distribution that is close to uniform on L(z). Both the
space Ωz′ and the space L(z) require some Fourier-analytic setup before we can delve into
the main part of the analysis. In this section, we only focus on the space L(z); analysis on
the more complicated space Ωz′ will the subject of Section 3.4.

As a linear subspace of Fn
2 , the space L(z) still possesses the familiar hypercube-type

Fourier structure. To present a meaningful identification of the subspace L(z) with a Boolean
cube, we give a different way of presenting subspaces of the form of L(z).

Definition 3.39. Let B = (B1, . . . , Bk) be a partition of [n], and let b = (b1, . . . , bn) ∈ Fn
2 .

We define the affine subspace V B,b ⊆ Fn
2 by

V B,b :=
k⋂

ℓ=1

{x ∈ Fn
2 : xi + bi = xj + bj, ∀i, j ∈ Bℓ} .
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We note that not every affine subspaces of Fn
2 can be represented by a partition and

a string as in Definition 3.39. However, it is easy to see that for any constraint z ∈
{−1, 0, 1}(

[n]
2 ), the subspace L(z) can indeed be expressed in this form.4 The main bene-

fit of working with Definition 3.41 is that it naturally gives rise to a canonical identification
between V B,b and a Boolean cube, and thus with a canonical Fourier basis for functions over
V B,b.

Definition 3.40. Define the canonical identification map id : V B,b → Fk
2 that maps x ∈ V B,b

to z ∈ Fk
2 defined by xi + bi = zℓ, where ℓ ∈ [k] is such that i ∈ Bℓ.

We note that id is well defined, as by definition the value of xi + bi is the same for all
i ∈ Bℓ. We also note that id is a 1-to-1 map, as x can be recovered from z (when b and B
are thought of as fixed). Finally, we note that as the sets B1, . . . , Bk are disjoint, sampling
x ∈ V B,b uniformly, the distribution of id(x) is uniform over Fk

2. Hence it makes sense to
define the Fourier basis of the space V B,b using the Fourier basis over Fk

2.

Definition 3.41. For a subset S ⊆ [k], we define the character function χS : V B,b → {−1, 1}
by

χS(x) :=
∏
ℓ∈S

(−1)(id(x))ℓ .

Definition 3.42. For a function f : V B,b → R and a subset S ⊆ [k], we define the corre-
sponding Fourier coefficient of f by

f̂(S) :=
1

2k

∑
x∈V B,b

f(x)χS(x).

Thus, the Fourier expansion of a function f : V B,b → R is given as f(x) =
∑

S⊆[k]

f̂(S)χS(x).

Fourier analysis on L(z) is in essence identical to the analysis on Boolean cubes Fk
2. We will

therefore adopt many of the notations therein, and specifically define the degree d part of a
function f as f=d(x) =

∑
|S|=d

f̂(S)χS(x).

3.3.5 Unrefinements and Fourier Decay

Recall the goal of Lemma 3.33: we want to show that the operator P [n],αn maps any suffi-
ciently large global set in Ωz′ to a distribution that is close to uniform on L(z). For a set
A ⊆ Ωz′ , the pull-back function P [n],αn[ϕA] is a density function supported on L(z′) ⊆ Fn

2 ,
and it is straightforward to combine this with Lemma 3.38 to conclude that P [n],αn[ϕA] is
close to uniform on L(z′).

However, this does not automatically imply that the restriction of P [n],αn[ϕA] to the
smaller subspace L(z) ⊆ L(z′) remains close to uniform on L(z). Closeness to uniformity
is a delicate property of probability distributions, and in general it is not preserved under
restricting the domain.

4In fact, it is easily seen that the family of subspaces that can be expressed as in Definition 3.32 coincides
with the family of subspaces that can be expressed as in Definition 3.39.
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The key observation is that the Fourier decay established in Lemma 3.38, being a stronger
structural condition than closeness to uniformity, does exhibit some robustness under restric-
tion. In this subsection we formalize this idea and show how the decay properties on L(z′)
can be leveraged to control the behavior of the restricted density on L(z).

Recall that from Section 3.3.4 that Fourier analysis on L(z′) proceeds by thinking of L(z′)
as a space V B′,b, and then considering the cube given by the image of the map id. Each block
B′

i then corresponds to a coordinate, and the Fourier expansion is defined correspondingly.
Thinking of supp(z′) as a graph, the blocks {B′

i} are its connected components. To get L(z)
into the picture we need to explain how its representation relates to V B′,b. The simplest
example for z that subsumes z′ is z that is identical to z′, except that zuv is non-zero for
some {u, v} ̸∈ supp(z′). In that case, the graph of z is the graph of z′ with one additional
edge, which may lead to a merge of two of the connected component of z′. More generally,
the graph of z that subsumes z′ is the graph of z with additional edges, which may lead to
merges between connected components of z′s. In other words, the connected components
of z are unions of B′

i’s, and this is what we refer to as “unrefinement”. The unrefinement
operation gives a representation of L(z) as the space V B,b where each Bi is a union of possibly
several B′

j’s. In the other direction, B′ may be viewed as a refinement of B.
The following result asserts that for a function g : L(z′) → R that has Fourier decay,

applying a mild unrefinement operation one gets a function that also has a decent Fourier
decay.

Lemma 3.43. Suppose B and B′ are partitions of the set [n], and b ∈ Fn
2 is a string of bits.

Suppose B′ is a refinement of B, that is, every component of B is a union of components of
B′. Let γ, η ∈ (0, 1

10
), and suppose that∑

ℓ

|Bℓ| · 1{|Bℓ| ⩾ 2} ⩽ γn1/3.

If g : V B′,b → R is
(
ηn1/3, 0, 1

)
-decaying, then h = g|V B,b is (4ηγ2|B|, 8η + 2γ, 1)-decaying.

Proof. Suppose |B| = k and |B′| = k′. Note that the conditions imply k′ ⩾ k ⩾ n/2. For
any S ⊆ [k], we define T (S) to be the collection of subsets T ⊆ [k′] such that:

1. for every ℓ ∈ S, the number of elements j ∈ T such that B′
j ⊆ Bℓ is odd;

2. for every ℓ ∈ [k] \ S, the number of elements j ∈ T such that B′
j ⊆ Bℓ is even.

We will first show that the Fourier coefficient ĥ(S) is equal to the sum of the coefficients
ĝ(T ) for T ∈ T (S). Towards this end, note that if χ′

T : V B′,b → R is character on V B′,b for
T ⊆ [k′], and χS : V B,b → R is the character on V B,b for S ⊆ [k], then

∑
x∈V B,b

χ′
T (x)χS(x) =

{
2k, if T ∈ T (S),

0, if T ̸∈ T (S).

Therefore,

ĥ(S) =
1

2k

∑
x∈V B,b

h(x)χS(x) =
1

2k

∑
x∈V B,b

g(x)χS(x) =
1

2k

∑
x∈V B,b

∑
T⊆[k′]

ĝ(T )χ′
T (x)χS(x)
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=
1

2k

∑
T⊆[k′]

ĝ(T )
∑

x∈V B,b

χ′
T (x)χS(x)

=
∑

T∈T (S)

ĝ(T ). (3.6)

Next, to relate the squares of coefficients we want to have an upper bound on |T (S)|. Denote
m =

∑k
ℓ=1 |Bℓ| · 1{|Bℓ| ⩾ 2}, so that by assumption m ⩽ γn1/3. Note that the collections

{T (S)}S⊆[n] have the following property:

1. For S1, S2 ⊆ [k] such that S1 ̸= S2, we have T (S1) ∩ T (S2) = ∅.

Next, let Q ⊆ [k′] be the set of all indices j ∈ [k′] such that B′
j is contained in the set⋃

ℓ∈[k]: |Bℓ|⩾2Bℓ. Since the latter set has size m, we know that Q has size at most m. By
definition of T (S), it is not hard to see that a member T ∈ T (S) is uniquely determined by
the set Q ∩ T . Also, |Q ∩ T | ⩽ |T | − |S| + s where s is the number of elements ℓ ∈ S such
that |Bℓ| ⩾ 2. We thus get the following additional properties of T (S):

2. Fix T ∈ T (S). As each ℓ ∈ S contributes an odd number of elements to T and each
ℓ ̸∈ S contributes an even number of elements to T , we get that |T | − |S| is an even
integer. By the above, we get that it is in the range

[
0, |Q|

]
⊆ [0,m].

3. For integer j ∈ [0,m/2], the number of sets T in T (S) with |T | − |S| = 2j is at most( |Q|
2j+s

)
, which we upper bound as

( |Q|
2j+s

)
⩽
(
m
2j

)
·m|S|. Indeed, this is an upper bound

on the number of choices for Q∩T , and each such choice determines a unique element
in T (S).

From this point onward in the proof, we will refer to the three properties mentioned listed
above as the first, second and third properties of T (S).

By the second property of T (S), we know that if |S| is odd then |T | is odd for every
T ∈ T (S), which implies ĝ(T ) = 0 by the assumption on g, and thus ĥ(S) = 0 by (3.6). We
are now ready to show that h satisfies the desired Fourier weight bound on even degrees,
and we split into cases.

Case 1: the low degree case. Suppose that |S| = 2d where 0 ⩽ d ⩽ ηn1/3. Using (3.6),
Cauchy-Schwarz and the third property of {T (S)} above we have:

ĥ(S)2 ⩽

 ∑
T∈T (S)

n−(|T |−|S|)/3

 ∑
T∈T (S)

ĝ(T )2 · n(|T |−|S|)/3


⩽

⌊m/2⌋∑
j=0

(
m

2j

)
m|S|n−2j/3

 ∑
T∈T (S)

ĝ(T )2 · n(|T |−|S|)/3


⩽ m|S|(1 + n−1/3)m

∑
T∈T (S)

ĝ(T )2 · n(|T |−|S|)/3

⩽ eγm|S|
∑

T∈T (S)

ĝ(T )2 · n(|T |−|S|)/3,
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where we used m ⩽ γn1/3 in the last transition. Using the first property of {T (S)}, the
decaying assumption of g, and then Proposition 3.36(2), we get

∑
|S|=2d

ĥ(S)2 ⩽ eγm2d

⌊m/2⌋∑
j=0

n2j/3 ·

 ∑
|T |=2d+2j

ĝ(T )2


⩽ eγm2d

∥∥g=2d
∥∥2
2
+ eγm2d

⌊m/2⌋∑
j=1

n2j/3 · F
(
k′, d+ j, ηn1/3

)
.

⩽ eγm2d
∥∥g=2d

∥∥2
2
+ eγm2dF

(
k′, d, ηn1/3

)
·
⌊m/2⌋∑
j=1

n2j/3

(
2ηn1/3

k′

)j

⩽ eγm2d
∥∥g=2d

∥∥2
2
+ eγm2d 4η

1− 4η
· F
(
k′, d, ηn1/3

)
,

where we used k′ ⩾ k ⩾ n/2 in the last inequality. For the special case d = 0 (recall that we
defined F (·, 0, ·) = 1) we have∥∥h=0

∥∥2
2
⩽ eγ · 4η

1− 4η
⩽ 8η + 2γ,

using γ, η ∈ (0, 1
10
). For d > 0, using

∥∥g=2d
∥∥2
2
⩽ F

(
k′, d, ηn1/3

)
we get

∥∥h=2d
∥∥2
2
⩽
eγm2d

1− 4η
F
(
k′, d, ηn1/3

)
⩽ 2(γn1/3)2d · F

(
k′, d, ηn1/3

)
⩽ F

(
k′, d, 2ηγ2n

)
(by Proposition 3.36(1))

⩽ F
(
k′, d, 4ηγ2k

)
(using k′ ⩾ k ⩾ n/2)

⩽ F (k, d, 4ηγ2k),

where the last inequality is because k′ ⩾ k.

Case 2: the high degree case. Suppose that |S| = 2d where d > ηn1/3. Then by (3.6),
Cauchy-Schwarz and the third property of {T (S)} above we have:

ĥ(S)2 ⩽

 ∑
T∈T (S)

ĝ(T )2

 ∑
T∈T (S)

1


⩽

 ∑
T∈T (S)

ĝ(T )2

⌊m/2⌋∑
j=1

(
m

2j + s

) ⩽ 2m−1
∑

T∈T (S)

ĝ(T )2.

So using the first property of {T (S)}, we get:

∑
|S|=2d

ĥ(S)2 ⩽ 2m−1

⌊m/2⌋∑
j=0

∑
|T |=2d+2j

ĝ(T )2
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⩽ 2m−1

⌊m/2⌋∑
j=0

F
(
k′, d+ j, γn1/3

)
(by assumption on g)

⩽ 2m−1F
(
k′, d, γn1/3

) ⌊m/2⌋∑
j=0

2−j (by Proposition 3.36(2))

⩽ 2mF
(
k′, d, γn1/3

)
⩽ F

(
k′, d, 2γ/min{γ,η} · γn1/3

)
(by Proposition 3.36(1))

⩽ F
(
k, d, 2γ/min{γ,η} · γn1/3

)
(using k′ ⩾ k).

Since γ, η are constants, k ⩾ n/2 and n is assumed to be sufficiently large, the bound
obtained is at most F (k, d, 4ηγ2k).

3.3.6 Finishing the Proof

We are now ready to finish the proof of Lemma 3.33.

Proof of Lemma 3.33 assuming Lemma 3.38. The proof proceeds in the following steps.

Step 1: bringing the subspaces L(z), L(z′) to form. let G = ([n], supp(z)) be the
graph formed by the constraint z, and let B1, B2, . . . , Bk be the connected components of
G. For each ℓ ∈ [k], pick an arbitrary vertex vℓ ∈ Bℓ and set bvℓ = 0. For any other vertex
u ∈ Bℓ, pick the unique simple path (u0, u1, . . . , uj) in G such that u0 = u, uj = vℓ, and
define

bu =

j∑
i=1

zui−1ui
.

By inspection, the affine subspace V B,b associated with the partition B and string b =
(b1, . . . , bn) is exactly the affine subspace L(z).

Similarly, letting G′ = ([n], supp(z′)) be the graph formed by the constraint z′, and letting
B′

1, . . . , B
′
k′ be the connected components of G′, the graph G′ is a subgraph of G and so B′

is a refinement of B. Using a similar reasoning to before we see that V B′,b coincides with
L(z′).

Since z′ is a restriction in the sense of Definition 3.22, we have that each one of B′
1, . . . , B

′
k′

is a set of cardinality 1 or 2. Denoting t = |supp(z′)|, we assume without loss of generality
that B′

1, . . . , B
′
n−2t are the singletons among them, and B′

n−2t+1, . . . , B
′
n−t have size 2. We

also assume without loss of generality that B′
j = {j} for every j ∈ [n− 2t].

Noting that V B,b ⊆ V B′,b, we let ι : V B,b → V B′,b be the inclusion map. We recall the
map id : V B′,b → Fk′

2 as in Definition 3.40. Finally, consider the projection map π : Fk′
2 →

Fn−2t
2 defined by (x1, . . . , xk′) 7→ (x1 + b1, . . . , xn−2t + bn−2t). These maps give rise to the

commutative diagram in Figure 3.4.

Step 2: working in Ωz′. Recall that we may identify Ωz′ with the space Ω[n−2t], αn−t. The
density function ϕA : Ωz′ → R is thus identified with a density function ϕÃ : Ω[n−2t], αn−t → R.
Applying Lemma 3.38 to the function ϕÃ, we see that the function f : Fn−2t

2 → R defined by

f(x) := P [n−2t], αn−t
[
ϕÃ

]
(x)− 1
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L(z) = V B,b L(z′) = V B′,b Fk′
2 Fn−2t

2

R

ι

h

id

g

π

f

Figure 3.4: A commutative diagram of maps between sets

is (ηn1/3/2, 0, 2)-decaying. Also note that since the operator P [n−2t], αn−t does not increase
L∞-norm (see Propostion 2.5), we have

∥f∥∞ ⩽
∥∥ϕÃ

∥∥
∞ =

∣∣Ω[n−2t], αn−t
∣∣∣∣∣Ã∣∣∣ =

|Ωz′ |
|A|

⩽ 2ηn
1/3

. (3.7)

Step 3: returning to the space L(z′). We want to convert the information we have on
f to information about the function h in the statement of the lemma. Towards that end, we
first note that A ⊆ Ωz′ directly induces a distribution P [n],αn[ϕA] supported on L(z′) = V B′,b,
and we define g : L(z′) → R by

g(x) := 2−tP [n],αn[ϕA](x)− 1.

For any x ∈ L(z′), any y ∈ Ωz′ and its corresponding element ỹ ∈ Ω[n−2t], αn−t, we have by
definitions

P[n],αn(x, y) =
2t |Ωz′ |
|Ω|

P[n−2t], αn
(
π(id(x)), ỹ

)
.

Therefore, for all x ∈ L(z′) we have

P [n],αn[ϕA](x) =
|Ω|
|A|
∑
y∈A

P[n],αn(x, y)

=
2t |Ωz′ |
|A|

∑
ỹ∈Ã

P[n−2t], αn−t
(
π(id(x)), ỹ

)
= 2tP [n−2t], αn−t

[
ϕÃ

]
(x),

and hence g(x) = f(π(id(x))) (as also indicated by Figure 3.4). Considering the Fourier
expansion, we get that for all S ⊆ [k′]

ĝ(S) = 2−n+t
∑

x∈V B′,b

g(x)χS(id(x)) = 2−n+t
∑

ξ∈Fn−2t
2

f(ξ)

 ∑
x∈Fn−t

2

χS(x) · 1{π(x) = ξ}


= 2−n+t

∑
ξ∈Fn−2t

2

f(ξ)

 ∑
x∈π−1(ξ)

χS(x)


=

{
2−n+t

∑
ξ∈Fn−2t

2
f(ξ) · 2tχS(ξ + b) if S ⊆ [n− 2t]

0 if S ̸⊆ [n− 2t]
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=

{
χS(b)f̂(S), if S ⊆ [n− 2t]

0, if S ̸⊆ [n− 2t].

Therefore, for every d ⩾ 0, we have
∥∥g=d

∥∥
2
=
∥∥f=d

∥∥
2
. Since f is (ηn1/3/2, 0, 2)-decaying, we

know that f=d ≡ 0 for d which is either 0 or odd, yielding that g=d ≡ 0 for such d’s. For
even d’s, we get∥∥g=2d

∥∥2
2
=
∥∥f=2d

∥∥2
2
⩽ 2−dF

(
n− 2t, d, ηn1/3/2

)
⩽ F

(
n− t, d, ηn1/3/2

)
,

where the last inequality follows by the definition of F . This means g is (ηn1/3/2, 0, 1)-
decaying.

To finish the proof, we note that h := g|V B,b , so by Lemma 3.43 we get that g is
(2ηγ2k, 4η + 2γ, 1)-decaying. By (3.7) we get that ∥h∥∞ = ∥f∥∞ ⩽ 2ηn

1/3
= 2o(k), so

applying Lemma 3.37 we conclude that

∥h∥K ⩽
√
4ηγ2K2 + 4η + 2γ + o(1).

3.4 Global Hypercontractivity in Ω

In this section, we outline the proof of Lemma 3.38. Readers interested in full details are
referred to [8, Section 4].

3.4.1 The Level-d Inequality

The structure of the proof of Lemma 3.38 is illustrated in Figure 3.3. Broadly speaking, it
consists of two steps. First, we establish a global level-d inequality that controls the Fourier
spectrum of the density function ϕA on ΩU,m. We then transfer this control to the Fourier
spectrum of P U,m[ϕA] by analyzing the singular value decomposition of P U,m.

Both steps require a common preliminary framework for Fourier analysis on the non-
product space ΩU,m. Our first task is therefore to introduce a family of character functions
on ΩU,m. These characters are indexed by “partial matchings” on the ground set U , namely
matchings of size at most m. To facilitate the definition, we introduce the following notation.

Definition 3.44. For a ground set U and an integer d ⩾ 0, we let MU,d denote the collection
of all matchings over U of size exactly d, and let MU,⩽d :=

⋃d
s=0MU,s.

Definition 3.45. For integers n,m such that n ⩾ 2m ⩾ 0, we define Ψ(n,m, 0) := 1, and
for 1 ⩽ d ⩽ m we define inductively Ψ(n,m, d) := m

(
n
2

)−1 ·Ψ(n− 2,m− 1, d− 1).

It is easy to see that Ψ(n,m, d) is equal to the probability that a fixed matching of size d
over a ground set of size n is contained in a uniformly random matching of size m. We now
define an associated collection of character:

Definition 3.46. For a matching M ∈ MU,⩽m and an element y ∈ ΩU,m, we define the
character function ψM : ΩU,m → R by

ψM(y) := Ψ(|U |,m, |M |)−1/2 ·
∏

{u,v}∈M

yuv.
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Note that the dimension of the inner product space L2(ΩU,m) is much larger than the
number of partial matchings on U . In particular, the character functions we defined do not
form a basis for L2(ΩU,m). Nevertheless, they will be sufficient for us, as Fourier coefficients
coming from h in the context of Leamm 3.38 will only be related to correlations with these
character functions.

The next proposition shows the functions from Definition 3.46 form an orthonormal set.

Proposition 3.47. For matchings M,M ′ ∈ MU,⩽m, we have ⟨ψM , ψM ′⟩ = 1 {M =M ′}.

We are now ready to state our level-d inequality.

Theorem 3.48 (Projected level-d inequality). Suppose |U | ⩾ 10m and m ⩾ 10(d+ 1). Let
A ⊆ ΩU,m be a global set of size |A| = 2−w ·

∣∣ΩU,m
∣∣, where w ⩾ 2d. Then

∑
M∈MU,d

⟨ϕA, ψM⟩2 ⩽

(
2 · 105 log

(∣∣ΩU,m
∣∣ /|A|)

d

)d

.

Theorem 3.48 is obtained by first establishing a derivative-based global hypercontractive
inequality, following the approach of [21].

3.4.2 Singular Value Decomposition

As noted in Section 3.3.3, it turns out that the singular value decomposition of P U,m can be
nicely described by Fourier characters.

Definition 3.49. For any subset S ⊆ U , let M(S) be the collection of perfect matchings of
the vertices in S (if |S| is odd then M(S) = ∅).

It is not hard to establish the following.

Lemma 3.50 (Singular value decomposition). For any character function χS : FU
2 →

{−1, 1}, we have〈
P U,m[f ], χS

〉
L2(FU

2 )
=

∑
M∈M(S)

〈
f,
√

Ψ(|U |,m, |M |) · ψM

〉
L2(ΩU,m)

for any function f ∈ L2(ΩU,m).

We can now prove Lemma 3.38 using Theorem 3.48 and Lemma 3.50.

Proof of Lemma 3.38. By the definition of f , we know that f̂(∅) = 0. For any nonempty set
S ⊆ U , we know from Lemma 3.50 that

f̂(S) =
〈
P U,m[ϕA], χS

〉
=

{
0, if |S| is odd,√

Ψ(|U |,m, |S|/2)
∑

M∈M(S)⟨ϕA, ψM⟩, if |S| is even.
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Therefore, it immediately follows that f=2d−1 = 0 for any integer d ⩾ 1. Furthermore, for
d ⩾ 1 we have

∥∥f=2d
∥∥2
2
=

∑
S⊆U, |S|=2d

f̂(S)2 = Ψ(|U |,m, d)
∑

S⊆U, |S|=2d

 ∑
M∈M(S)

⟨ϕA, ψM⟩

2

⩽ Ψ(|U |,m, d) · (2d− 1)!! ·
∑

S⊆U, |S|=2d

∑
M∈M(S)

⟨ϕA, ψM⟩2

=

(
m

d

)(
|U |
2d

)−1

·
∑

M∈MU,d

⟨ϕA, ψM⟩2. (3.8)

If d ⩽ w/2, we can apply Theorem 3.48 to the right hand side of (3.8) and obtain

∥∥f=2d
∥∥2
2
⩽

(
m

d

)(
|U |
2d

)−1

·
(
2 · 105w

d

)d

⩽

(
3m

d

)d(
2d

|U |

)2d(
2 · 105w

d

)d

⩽

(
w/2

2|U |

)d

,

since m ⩽ 10−7|U |. For d > w/2 we note that∑
M∈MU,d

⟨ϕA, ψM⟩2 ⩽ ∥ϕA∥22 = 2w,

which we plug into (3.8) and get

∥∥f=2d
∥∥2
2
⩽

∥φ∥22
∥φ∥21

·
(
m

d

)(
|U |
2d

)−1

⩽ 2w
(
3m

d

)d(
2d

|U |

)2d

⩽ 2w ·
(

d

8|U |

)d

,

since m ⩽ 10−7|U |. We thus conclude for any d ⩾ 1 that
∥∥f=2d

∥∥2
2
⩽ 2−dF (|U |, d, w/2), as

desired.

3.5 The Decomposition Lemma

In this section, we outline the proof of the decomposition lemma (Lemma 3.29). Readers
interested in full details are referred to [8, Section 2].

The general strategy of the proof follows the structure vs. randomness framework of
“lifting theorems” in communication complexity, such as in the work [15].

The first step is to establish a decomposition lemma for sets in Ω[n],αn.

Lemma 3.51 (Set decomposition). Let z′ be any restriction on Ω[n],αn (as defined in Defi-
nition 3.22), and let A ⊆ Ωz′ be any subset. Then we can decompose A into a disjoint union
of subsets A(1), A(2), . . . , A(k) such that:

1. Globalness: for each i ∈ [k], there exists a restriction z(i) that subsumes z′ such that
A(i) ⊆ Ωz(i) and A(i) is z(i)-global.
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2. Size of the restrictions: the restrictions z(i) satisfy the following inequality:

k∑
i=1

|A(i)|
|A|

(∣∣supp(z(i))∣∣+ log2
|Ωz(i)|
|A(i)|

)
⩽ |supp(z′)|+ log2

|Ωz′ |
|A|

+ 2.

We next show how to use Theorem 3.51 to transform any protocol into a “global” protocol.
Before doing so, we must formally define what we mean by “global protocols” and how we
measure their cost.

Definition 3.52 (Potential function of rectangles). For restrictions ζ = (z(1), . . . , z(K)) and
a rectangle R = A(1) × · · · ×A(K) such that A(i) ⊆ Ωz(i) , we define the potential of (ζ, R) as:

p(ζ, R) :=
K∑
i=1

|supp(z(i))|+ log2

(
|Ωz(i)|
|A(i)|

)
.

We now formally define global protocols.

Definition 3.53. A communication protocol Π for DIHP(n, α,K) is called an r-round global
communication protocol if it specifies the following procedure of communications:

• the K players take turns to send messages according Π;

• there are at most r rounds of communications, there is only one player sending message
in a single round;

• the length of message in each round of communications is not bounded; instead, from
the perspective of rectangles, after each round of communications, a ζ-global rectangle
R is further partitioned into several rectangles R := R(1) ∪ · · · ∪ R(k) such that: (1)
R(i) is ζ(i)-global; (2) ζ(i) subsumes ζ; (3) the following inequality holds:

k∑
i=1

|R(i)|
|R|

p(ζ(i), R(i)) ⩽ p(ζ, R) + 3.

There turns out to be a natural way of “decomposing” an arbitrary communication pro-
tocol into a global protocol, by applying the set decomposition lemma (Lemma 3.51) at each
communication round.

Lemma 3.54. Given a communication protocol Π for DIHP(n, α,K) with communication
complexity at most r, we can construct an r-round global protocol Πref for DIHP(n, α,K)
such that adv(Πref) ⩾ adv(Π).

Note that a global protocol partitions the input space ΩK into a collection of structured
rectangles. It remains to show that for any global protocol, there always exists a subcollection
of such rectangles that satisfies the condition in Lemma 3.29. This can be done with some
elementary but nontrivial probability calculations.
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Chapter 4

Conclusions and Open Problems

The main results of this thesis are:

1. An O(n2) upper bound on the mixing time of random walk on large monotone subsets
of the hypercube. The proof makes use of a new directed isoperimetric inequality for
the hypercube.

2. An Ω(n1/3/p) lower bound on the memory of p-pass streaming algorithms that non-
trivially approximates Max-Cut. The proof makes use of a new global hypercontractive
inequality for a labeled-matching space.

Although there are many open directions left by these results, we highlight the following
two open problems.

Problem 4.1. Is it possible to improve the O(n2) mixing time bound in Theorem 1.3 to
O(n log n), as conjectured by Ding and Mossel [5]?

Problem 4.2. Prove a polynomial-in-n space lower bound for multi-pass streaming algo-
rithms that nontrivially approximates Max-Cut using random order1 streams.

The author believes that answering these two questions likely requires fundamentally new
techniques beyond those presented in this thesis.

1In the random-order streaming model, the edges of the input graph is ordered randomly, instead of
adversarially.
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